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Granular media
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Cereals
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Soils
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rock
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Snow, ice
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glaciers
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powders

pharmaceutical products
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ballast

building blocks
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concrete

asphalt, bitume
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minerals
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Rheological properties
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←→ Viscous friction
Gas 

} →

→

→

→

→

→→

→→

→ →

Granular media imitate different states of matter:
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Dilatancy : Volume change under shearing (Reynolds)
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Pyknotropy : Density dependence
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Barotropy : Pressure dependence
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Anisotropy : Space direction dependence
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Microstructure
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Texture: Organization of particles and contacts in space
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Disorder 

The local particle environments vary sharply from one particle to 
another as a result of steric exclusions. 

!"min
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1)  Metric disorder: relative positions and orientations of the particles

2)  Topological disorder: Force-bearing contacts 

Three types of disorder:

3) Substitutional disorder: mixture of particles of different properties 
(size, stiffness, etc.)

local order

metric disorder

topological disorder
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size span:

s =
dmax − dmin

dmax + dmin
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n
c

c

!

z coordination number

m valence m = 2 +
4

z − 2

pc(c) fraction of particles with c contacts

pm(m) fraction of cells composed of m sides
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A weakly polydisperse packing of disks
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Yang et al. (2002) 

Distribution of valence numbers in a sheared 3D packing of spheres.
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Fabric anisotropy

Contact orientations are not isotropically distributed.

Oda (1972)

Polar diagram of contact 
orientations

P (�n)
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This is a periodic function and may be expanded on a base of Fourier 
functions or spherical harmonics:

P (�n) = P0 + Pijeij(�n) + Pijkleijkl(�n) + · · ·

Pij Pijkl

eijkleij

fabric tensors of increasing order

a base of orthonormal functions

eij = ninj eijkl = ninjnknl

Pij =
�

Ω
P (�n) eij d�n = �eij�
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2D example: P (θ)

Fij = �ninj� =
π�

0

ninjP (θ) dθ

P (θ) =
1
π
{1 + a cos 2(θ − θc) + · · · }

a = 2(F1 − F2)⇒ lowest-order anisotropy
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�f
�� = � �n

PΩ(Ω) =
Nb(Ω)

Nb

���(Ω) =
1

Nb(Ω)

�

c∈A(Ω)

�c

�fn�(Ω) =
1

Nb(Ω)

�

c∈A(Ω)

fc
n

�ft�(Ω) =
1

Nb(Ω)

�

c∈A(Ω)

fc
t

3D example:

branch vector
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PΩ(θ) =
1
4π

{1 + a (3 cos2 θ − 1) }

���(θ) = �0 {1 + al (3 cos2 θ − 1) }
�fn�(θ) = f0 {1 + an (3 cos2 θ − 1) }
�ft�(θ) = f0 at sin 2θ

Y 0
0 = 1 Y 0

2 = 3 cos2 θ − 1

Y l
m(θ,φ)

!

"

n

t
Axial symmetry:

⇒
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Discrete element method (DEM)
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DEM simulations are important for two reasons: 

There is presently no unified theoretical framework for the rheology 
of granular matter for all states and compositions. 

1)

2) Particle-scale simulations provide access to detailed information 
about the particle-scale variables (the local geometry, kinematics and 
forces). 
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Three levels of numerical modeling:

Basic DEM1)

2)

3)

Extended DEM

Advanced DEM

Spherical particles + frictional contact interactions 

Particle clusters, adhesion forces (capillary, lubrication, adhesion 
threshold), high polydispersity, rolling friction

Non-spherical particles, Particle fracture, pore-filling continuous 
phase (liquid, solid), evolving interactions  
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Simulations par J. J. Moreau
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Simulations par J. J. Moreau
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mardi 1 décembre 2009

Simulations par F. Radjai
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mardi 1 décembre 2009

Simulations par C. Voivret

dimanche 27 juin 2010



mercredi 2 décembre 2009

Simulations par V. Richefeu
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mardi 1 décembre 2009

Simulations par F. Radjai
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mardi 1 décembre 2009

Simulations par F. Radjai
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! "

#

Simulations par E. Azéma
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mercredi 2 décembre 2009

Simulations par E. Azéma
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Contact Particle Packing Material Structure

! d g(r) RVE BCP

1. Particle size d
2. Elastic deflection
3. Spatial correlations (forces, ...)   

1. Elastic response time
2. Collisional or rearrangement time
3. Shear time

τe
τc

τs � γ̇−1

τe � τc

εe

g(r)
f

Length and time scales
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Particle-scale dynamics

Granular dynamics involves fine length scales such as elastic 
deflections, surface roughness, etc.

λ sub-particle length scale 

δr spatial resolution

δr � λ ⇒ The spatial resolution is too large to resolve 
fine length scales.  

⇒ particle-scale dynamics (rigid particles)
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i

j

!n

fn

�
δn > 0 ⇒ fn = 0
δn = 0 ⇒ fn ≥ 0.

fn

δn

normal force

normal distance

Signorini’s conditions

Alternative writing:

fn

!n

0

None of the two variables can be reduced to a (mono-
valued) function of the other. 

0 ≤ fn ⊥ δn ≥ 0

Complementarity relation

In particle-scale dynamics, the contact between two particles becomes 
a unilateral constraint. 

dimanche 27 juin 2010



δn = 0

un = δ̇n = 0Persistent contact: and

un > 0

δn = 0

andOpening contact: 

The normal force vanishes at a opening contact:






δn > 0 ⇒ fn = 0

δn = 0 ∧
�

un > 0 ⇒ fn = 0
un = 0 ⇒ fn ≥ 0

⇒

0 ≤ fn ⊥ un ≥ 0

for δn = 0 fn unand (at contact) 

satisfy a complementarity relation: 

fn

un

In this form, the geometrical contact 
becomes a kinematic constraint.  

velocity-Signorini conditions
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ft

µfn

!µfn

ut






ut > 0 ⇒ ft = −µfn

ut = 0 ⇒ −µfn ≤ ft ≤ µfn

ut < 0 ⇒ ft = µfn

Coulomb friction law

The Coulomb law of dry friction is a nonsmooth relation 
between the sliding velocity and tangential force.   

It can be cast in complementarity relations:

0 ≤ µfn − ft ⊥ −ut + |ut| ≥ 0

0 ≤ µfn + ft ⊥ ut + |ut| ≥ 0
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Nonsmooth motion

δt

τ

time resolution (time step)  

contact duration 

The acceleration is defined:    

The motion is fully described by 
Newton’s equations.

Γx(t) =
dUx(t)

dt

δt� τ ⇒ Smooth motion    (1)

x

i j

miΓi
x = F i

x(t, ri
x, U i

x, rj
x, U j

x)

mjΓj
x = F j

x(t, ri
x, U i

x, rj
x, U j

x)
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⇒ Velocity jumpδt� τ

During collision and in the absence of external forces, we have  

which is a material dependent force law.

(2)

The time resolution is insufficient to resolve the motion. 

⇒ The motion involves instantaneous velocity change:

Mathematically, this means that the velocity        has no 
density (is not differentiable) with respect to time. 

In this mathematical limit, the acceleration is not defined. ⇒

left-limit velocity right-limit velocityt

F i
x = −F j

x = fx(ri
x, U i

x, rj
x, U j

x)

δU i
x(t) = U i

x(t + δt)− U i
x(t)

U i
x

U i+
x (t)U i−

x (t)
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The velocity jump replaces the acceleration:

Newton’s equations should be “coarse-grained” by integration 
over the time resolution: 

impulsion

This relation simply expresses the conservation of linear momentum. 

For head-on collision:

These are 2 equations, but we have 3 unknowns: 

Px

time-averaged force

δU i
x(t) = U i+

x (t)− U i−
x (t)

mi(U i+
x − U i−

x ) = Px

mj(U j+
x − U j−

x ) = −Px

U i+
x U j+

x

m(U+
x − U−x ) =

�

δt
Fx dt = Px = �Fx� δt
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For the description of nonsmooth motion, we need one more equation 
relating these variables. 

Classically, the relative velocities before and after a collision event are 
related through a restitution coefficient:

This is a kinematic constraint which works only for a binary collision (not 
for multiple collisions). 

⇒

U j+
x − U i+

x = −en (U j−
x − U i−

x )

Px =
mimj

mi + mj
(1 + en)(U i−

x − U j−
x )

U i+
x = U i−

x +
mj

mi + mj
(1 + en)(U i−

x − U j−
x )

U j+
x = U j−

x − mi

mi + mj
(1 + en)(U i−

x − U j−
x )
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Multibody dynamics

Np particles

�U i

ωi
i

Equations of dynamics (2D):  

m �̇U = �F + �Fext

I ω̇ = M+Mext

�Fext

Mext

�cα

M = ẑ ·
�

α

�cα × �fα

�F =
�

α

�fα

bulk or boundary forces

resultant of contact forces exerted by 
neighboring particles

moment of external forces

total moment of contact forces
i

α

contact vector
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m d�U = d�F � + �Fext dt
I dω = dM� +Mext dt

Hence, the equations of dynamics should be written as equality 
of measures

Integration over the time increment yields 

m (�U+ − �U−) = δt �F + δt �Fext

I (ω+ − ω−) = δtM+ δtMext

where
� t+δt

t
dM� =M δt

� t+δt

t
d�F � = �F δt

�F is a coarse-grained force and its dynamic content 
depends on time resolution.  
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Matrix representation

The particles are labelled with integers:  i ∈ [1, Np]

The forces and force moments acting on the particles are arranged in a 
single high-dimensional column vector represented by a boldface letter. In 
the same way, external bulk forces applied on the particles and the 
particle velocity components are represented by column vectors. The 
particle masses and moments of inertia define a diagonal matrix.:

F =





F 1
x

F 1
y

M1

F 2
x

F 2
y

M2

...
F

Np
x

F
Np
y

MNp





U =





U1
x

U1
y

ω1

U2
x

U2
y

ω2

...
U

Np
x

U
Np
y

ωNp





M =





m1 0 0 0 0 0
0 m1 0 0 0 0
0 0 I1 0 0 0

· · ·
0 0 0 mNp 0 0
0 0 0 0 mNp 0
0 0 0 0 0 INp
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M(U+ − U−) = δt(F + Fext)

The system of equations can then be written as a single matrix equation:

F,U−, U+, Fext ∈ R3Np M ∈ R3Np × R3Np






δn > 0 ⇒ fn = 0

δn = 0 ∧
�

un > 0 ⇒ fn = 0
un = 0 ⇒ fn ≥ 0






ut > 0 ⇒ ft = −µfn

ut = 0 ⇒ −µfn ≤ ft ≤ µfn

ut < 0 ⇒ ft = µfn

Signorini

Coulomb

Given         and a time resolution       , find         and            U+U− δt (fn, ft)

satisfying the equation of dynamics and frictional contact inequalities.
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Smoothing strategy (Smooth DEM or MD)

Approximating the nonsmooth contact laws by regularized functions: 

⇒ force laws

fn

δn

ft

µfn

!µfn

ξt

ξt =

� t

t0

ut dt

fn = fn(δn, un) ft = ft(fn, ξt, ut)
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Linear dashpot model

Simplest force law of smooth DEM

with ξn = −δn

Regularized Coulomb law

ft = −sign(ut) ·min {|κtξt|, µfn}

fn = max
�
0, Y ξn + γnξ̇n

�
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Time-stepping

Gear’s predictor-corrector scheme:

Prediction (Taylor expansion of all degrees of freedom)

�rp(t+ δt) = �rp(t) + δt �̇r(t) +
1

2
δt2 �̈r(t) +

1

6
δt3

...
�r (t) + . . .

�̇rp(t+ δt) = �̇rp(t) + δt �̈r(t) +
1

2
δt2

...
�r (t) + . . .

�̈rp(t+ δt) = �̈rp(t) + δt
...
�r (t) + . . .

...

Force computation (for the predicted values) 

�F i(�rp, �Up) �Mi(�rp, �Up) ⇒ �̈r c(t+ δt) θ̈ c(t+ δt)
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Correction

∆�̈r = �̈r c − �̈r p

�r c(t+ δt) = �r p(t+ δt) + c0
1

2
(δt)2∆�̈r

�̇r c(t+ δt) = �̇r p(t+ δt) + c1
1

2
(δt)∆�̈r

�̈r c(t+ δt) = �̈r p(t+ δt) + c2∆�̈r

...
�r

c
(t+ δt) =

...
�r

p
(t+ δt) + c3 3(δt)−1∆�̈r

...

c0 =
19

90
c1 =

3

4
c2 = 1 c3 =

1

2
c4 =

1

12

For an expansion of fifth order: 
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Problems 

For general particle shapes, the force laws are not known.*

* The method is inefficient for stiff particles or too low confining 
pressures:

δt <

�
m

Y required by the numerical stability of the scheme

δt <
d

ε̇

p

Y
required by the spatial resolution of small overlaps  
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Nonsmooth approach (Contact Dynamics: CD method)

M(U+ − U−) = δt(F + Fext)






δn > 0 ⇒ fn = 0

δn = 0 ∧
�

un > 0 ⇒ fn = 0
un = 0 ⇒ fn ≥ 0






ut > 0 ⇒ ft = −µfn

ut = 0 ⇒ −µfn ≤ ft ≤ µfn

ut < 0 ⇒ ft = µfn

Signorini

Coulomb

Dynamics

We need to express the equations of dynamics in contact variables.
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The contacts are labelled with integers

The normal and tangential contact velocities can be collected in a 
column vector u ∈ R2Nc

f ∈ R2Nc

In the same way, the normal and tangential contact forces are 
represented by a vector

α ∈ [1, Nc]

Since the contact velocities  are linear in particle velocities   , the 
transformation of the velocities is an affine application. 

u U

A similar linear application relates     to     . f F

u = G U

2Nc × 3NpG matrix

H 3Np × 2Nc matrix

F = H f

where

U
i

F
i

f!

u
!

H
i!

H
T,!i

!"#$%&'(

')#*$'*+,$-(
*.$#(/0.+012$*&)#(
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F · U = f · u

H
iα = H

iα
n + H

iα
t

H = G
TEquality of powers ⇒ Contact matrix

The contact matrix is generally singular and its null space has a 
dimension at least equal to 2Nc − 3Np

Decomposition: H
iα = H

iα
n + H

iα
t

u
α
n =

�
i

H
T,αi
n U

i

u
α
t =

�
i

H
T,αi
t U

i

Decomposition: 
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⇒ The equations of dynamics can be transformed into two 
equations for each contact: 

u
α+
n − u

α−
n = δt

�
i,j

H
T,αi
n M

−1,ij {
�
β

(Hjβ
n f

β
n + H

jβ
t f

β
t ) + F

j
ext}

u
α+
t − u

α−
t = δt

�
i,j

H
T,αi
t M

−1,ij {
�
β

(Hjβ
n f

β
n + H

jβ
t f

β
t ) + F

j
ext}

ut =
u+

t + et u−t
1 + et

un =
u+

n + en u−n
1 + en

1 + en

δt
(uα

n − u
α−
n ) = Wαα

nn f
α
n +Wαα

nt f
α
t

+
�

β( �=α)

{Wαβ
nn f

β
n +Wαβ

nt f
β
t }+

�

i,j

H
T,αi
n M

−1,ij
F

j
ext

1 + et

δt
(uα

t − u
α−
t ) = Wαα

tn f
α
n +Wαα

tt f
α
t

+
�

β( �=α)

{Wαβ
tn f

β
n +Wαβ

nt f
β
t }+

�

i,j

H
T,αi
t M

−1,ij
F

j
ext
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where

cα
it = �cα

i · �tα
cα
in = �cα

i · �nα

Wαα
nn =

1
m1α

+
1

m2α

+
(cα

1t)2

I1α

+
(cα

2t)2

I2α

Wαα
tt =

1
m1α

+
1

m2α

+
(cα

1n)2

I1α

+
(cα

2n)2

I2α

Wαα
nt = Wαα

tn =
cα
1ncα

1t

I1α

+
cα
2ncα

2t

I2α

!

1!

2!

"c
!

1

"c
!

2

"t
!

"n
!

Wαβ
k1k2

=
�

i,j

H
T,αi
k1

M
−1,ij

H
jβ
k2

with

inverse reduced inertia
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Alternative representation :

Wαα
nn fα

n +Wαα
nt fα

t = (1 + en)
1
δt

uα
n + aα

n

Wαα
tt fα

t +Wαα
tn fα

n = (1 + et)
1
δt

uα
t + aα

t

with
aα

n = bα
n − (1 + en)

1
δt

uα−
n +

�
�F 2α

ext

m2α

−
�F 1α

ext

m1α

�
· �nα

aα
t = bα

t − (1 + et)
1
δt

uα−
t +

�
�F 2α

ext

m2α

−
�F 1α

ext

m1α

�
· �tα

bα
n =

1
m2α

�

β( �=α)

�fβ
2α

· �nα − 1
m1α

�

β( �=α)

�fβ
1α

· �nα

bα
t =

1
m2α

�

β( �=α)

�fβ
2α

· �tα − 1
m1α

�

β( �=α)

�fβ
1α

· �tα

and

coupling terms with 
other particles

offsets

transfer equations
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Iterative resolution

In order to solve the system of transfer equations (in 2D) with the 
corresponding complementarity relations, we proceed by an iterative 
method which converges to the solution simultaneously for all contact 
forces and velocities.

Single contact problem 

Determine                        at a single contact given the values of  the offsets 
     and       at the same contact: local Singnorini-Coulomb (SC) problem.

fα
n , fα

t , uα
n, uα

t
aα

n aα
t

fn

un

ft

µfn

!µfn

ut
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The two transfer equations are generally coupled and thus the two 
intersections can not be established separately.   

We consider the inersection of the transfer equations with the force 
axis by setting un = ut = 0

gα
n =

Wαα
tt aα

n −Wαα
nt aα

t

Wαα
nnWαα

tt − (Wαα
nt )2

gα
t =

Wαα
nn aα

n −Wαα
tn aα

t

Wαα
tt Wαα

nn − (Wαα
tn )2

gα
n < 0 ⇒ fα

n = fα
t = 0 breaking contact

gα
n ≥ 0 ⇒ fα

n = gα
n

gα
t > µfα

n ⇒ fα
t = µfα

n

gα
t < −µfα

n ⇒ fα
t = −µfα

n

−µfα
n < gα

t < µfα
n ⇒ fα

t = gα
t

sliding contact

rolling contact
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Multicontact problem

The solution for each contact depends on all other contacts of the 
system and it must be determined simultaneously for all contacts. This 
is the  global Singnorini-Coulomb (SC) problem.

We search the solution as the limit of a sequence

{fα
n (k), fα

t (k), uα
n(k), uα

t (k)} α ∈ [1, Nc]

{fα
n (k), fα

t (k)}

{aα
n(k), aα

t (k)}

{fα
n (k + 1), fα

t (k + 1)}

offset equation

single contact problem

The set                  evolves with k by successive  corrections and it 
converges to a solution satisfying the transfer equations and 
complementarity relations at all potential contacts of the system.    

{fα
n (k), fα

t (k)}
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The iteration is stopped when a precision criterion is satisfied: 

| fα(k + 1)− fα(k) |
fα(k + 1)

< εf ∀α

From the converged contact forces, the particle velocities can be 
computed by means of the equations of dynamics.

This is a robust procedure. Moreover, the information is treated locally 
and no large matrices are manipulated during iterations. 

The number of required iterations for convergence depends on the 
precision, the initialization (first guess) of the forces and the 
propagation of the information (ordering).   
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Evolution of contact forces in the course of iterations initialized by zero 
force at all contacts in a system subjected to equal top and right stresses.   
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Time-stepping

The global SC problem may well occur as an event at particular 
instances of a granular flow. The iterative resolution method can 
then be applied to calculate the contact forces and particle velocities 
at those instances. But in dense multicontact granular media the 
events cannot be predicted. 

In the CD method, the global SC problem is embedded in a time-
stepping scheme. 

This scheme is based on two features of the nonsmooth framework:

1) The multicontact SC problem is formulated at the velocity level for 
both dynamics and contact laws, and the position-Signorini condition is 
accounted for by involving only the eligible contacts, determined 
geometrically, in the SC problem. Hence, in a time-stepping scheme, the 
contact network should be defined explicitly from particle positions 
and it will no more evolve during a time step. 
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2) The right-limit velocities are calculated such that the 
complementarity relations will not be violated by the subsequent 
motion of the particles. This feature (viability lemma according to  
Moreau) is ensured by the following condition as a consequence of the 
velocity-Signorini condition:

Hence, the numerical treatment is implicit and the right-limit velocities  
should be used to increment particle positions. 

δn ≤ 0 ⇒ u+
n ≥ 0
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[t, t + δt]

{�ri(t), θi(t)} {�U i(t), ωi(t)}

{α,�nα,�tα}

�ri
m ≡ �ri(t) +

δt

2
�U i(t)

time step

Positions and velocities at the beginning 
of the time step

�U i− = �U i(t)

ωi− = ωi(t)

The left-limit velocities are the velocities at the beginning of the time step:

1) The particles are moved to the half-step configuration: 

A typical scheme

2) The contact network is set up from this configuration

3) The global SC problem is solved iteratively for this contact network 
and the right-limit particle velocities are calculated. These are the right-
limit velocities. 
�U i(t + δt) = �U i+

ωi(t + δt) = ωi+
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4) The positions are updated for the remaining half-step:

�ri(t + δt) = �ri
m +

δt

2
�U i(t + δt)

θi(t + δt) = θi
m +

δt

2
ωi(t + δt)

This scheme is unconditionally stable due to its implicit nature. 
Hence, no damping parameters at any level are needed and the time 
step can be large.

The time step controls only the position updates. The precision on the 
velocities and forces is controlled by the convergence criterion. The time 
step should rather be considered as a coarse-graining parameter for 
nonsmooth dynamics. It should be reduced if the impulse dynamics at 
small time scales is of interest. 
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Restitution coefficients

The restitution coefficients in the framework of the CD model have not 
the same physical interpretation as in binary collisions. The evolution of a 
dense system is governed by multicontact dynamics and not by the normal 
restitution coefficient. A contact can break at any moment independently of 
the normal restitution coefficient. In contrast, contact closing, i.e. the 
creation of a persistent contact, depends only on the local restitution 
coefficient. Hence, in the CD method a collision between two particles 
leads to the creation of a persistent contact only if               .        en = 0
The problem of multiple shocks should be treated at very small time scales 
of elastic waves, and this is out of the scope of the CD model which was 
designed to find mechanically admissible solutions of multicontact dynamics 
at much larger time scales.

Experimental observation suggests that in a multicontact system multiple 
shocks and cumulative events occur and dissipate the whole kinetic energy 
at very short times so that the effective restitution coefficient for a large 
coarse-graining time step is indeed zero. 
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Two alternative numerical strategies:

Smooth DEM (Molecular dynamics)

Nonsmooth DEM (Contact dynamics)

Explicit time-stepping

Implicit time-stepping

Force laws

Contact laws

Fine time resolution

Coarse-grained dynamics

Summary
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Nonsmoothness in rheology
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The contact laws involve no force scale. The scale is set by the 
confining pressure and imposed strains.  

p p

ε̇xy

p

d

D

v = ε̇ d

τs = (ε̇)−1

ε̇

fi = mv/τs = md ε̇2

fs = p dD−1

strain rate

pressure

space dimension

diameter

typical static force 

shear time

typical relative velocity
⇒

⇒
typical impulsive force 

I =

�
fi
fs

= ε̇

�
m

pdD−2
Inertia number
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I � 1 quasistatic regime

de Cruz et al.  (2005)

so
lid

 fr
ac

tio
n

But, even in the quasi-static limit, granular dynamics involves highly 
nonlinear and subtle transitions at small time scales. These short-
time phenomena include sharp impulsive transitions, collective 
rearrangements and frictional interlocking. 
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The effects of micro-instabilities can be observed macroscopically in 
force and velocity fluctuations, as well as in the respective parts of  
energy dissipation by friction and inelastic collisions. The full detail of 
these fluctuations can only be captured for inaccessibly small time 
steps.  
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Fraction of input energy dissipated by Coulomb friction during 
simple shearing. In average, 25% of energy is dissipated by inelastic 
collisions! 
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The evolution involves a variable degree of nonsmoothness. Hence, the 
dynamics over successive time steps needs variable treatment. For a 
rather smooth evolution less effort should be consumed than when a 
major rearrangement event takes place. In the CD simulations, the 
number of iterations represents the required effort at each step. For the 
same level of precision, the number of iterations varies considerably in 
the course of time stepping.

0 200 400
Step

100

101

102

103

N
i

Number of iterations in successive steps of a CD simulation. 

Hence, in the CD method subtle rearrangement events are always 
calculated with the required precision. In some cases, a maximum 
number of iterations may be imposed in order to increase efficiency, but 
this is equivalent to reducing the precision when a larger number of 
iterations is required.
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Unilateral contact leads to a nonaffine particle velocity field.

Nonaffine velocity fluctuations

affine fluctuating

Total displacement:

dimanche 27 juin 2010



89

dimanche 27 juin 2010



dimanche 27 juin 2010



91

dimanche 27 juin 2010



92

dimanche 27 juin 2010



Statistical analysis 

Framework of fluid turbulence : velocity differences 
between two points separated by a distance r or at a 
fixed point over a time lag !.

1) pdf’s of velocity differences (non-Gaussian 
broadening)

2) spatial correlations (power-law spectrum in 
space)

3) tracer diffusivities (anomalous)
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In granular motion, the natural framework is 
Lagrangian: the velocities are carried by individual 
particles.  

: time resolution

The velocities are discontinuous in time as a result of 
collisions.       The fluctuating velocities are defined 
from particle displacements:
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Accurate stat ist ics requires macroscopical ly 
homogeneous boundary conditions.         

1)Periodic boundary conditions 

2)Large-scale straining: the affine driving velocity field 
should be applied in the bulk (and not at the system 
boundaries).   

In dynamic simulations, a method devised by 
Parrinello and Rahman (1980) for fluids can be 
adapted to granular media.  

dimanche 27 juin 2010



Simulations 

2d simple shear simulations of 4000 disks

Particles are sheared by imposing the shear strain 
rate: 

:      shear rate

:      time step

The normal stresses are kept constant by 
requiring:
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The particle inertia are negligible.

All times are normalized by             so that the dimensionless time 
represents the cumulative shear strain. 

The displacements are normalized by the mean particle diameter       
so that the velocities scale as          . 

Time step: 

The total strain is larger than 2.  

Only the steady state (no mean volume change) is analyzed.
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Probability distribution functions
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Flatness:
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Power spectra in space
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Diffusion

dimanche 27 juin 2010



Trajectories of several particles with respect to the background flow
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:    root-mean-square relative displacement

dimanche 27 juin 2010



1. Scale-dependent pdf’s with non-Gaussian broadening at small 
time scales

2. Power-law decay of the spatial power spectrum (self-affine 
nature of the fluctuations)

3. Superdiffusion of the particles with respect to the mean 
background flow

F. Radjaï and S. Roux, Phys. Rev. Lett. 89, 064302 (2002)

Strong analogy with fluid turbulence
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This phenomenology (scaling features) can be coined by the term 
GRANULENCE in analogy with fluid TURBULENCE. 

The underlying physics of granulence (steric exclusions) is fundamentally 
different from that of turbulence (Navier-Stokes equations, inertia regime). 

The multiscale character of the particle velocity field suggests that 
kinematic fluctuations should not be neglected in modeling granular 
plasticity. 
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Force states
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Floating particles

108
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A large number of particles are excluded from force transmission.
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s = 0, 2a = b = 1 109
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s = 0, 73a = b = 1 110
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s = 0, 96a = b = 1 111
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The force distributions are broad and show no or weak central 
tendency. 
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The forces have a probability density that does not vanish as the 
force tends to zero. This means that in smooth-DEM simulations 
very small lengths (elastic displacements) are involved that can 
not all be fully captured even by small time steps although the 
calculation is globally stable. In the CD method, the lower cutoff 
on the force is directly controlled through the precision 
criterion. 

| fα(k + 1)− fα(k) |
fα(k + 1)

< εf ∀α
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In principal, as a result of complementarity relations, the solution of the 
global SC problem in a multicontact system is not unique. The extent of 
indeterminacy reflects all possible combinations of contact forces and 
velocities accommodating the complementarity relations. 

Four different solutions for forces 
in the same state of an ordered 
system.  

Radjai et al. (1998)

Indeterminacy
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The indeterminacy of the solution can be determined by analyzing the null 
space of the contact matrix and its transpose. 

It happens that for a generically disordered granular system, self-
equilibrated solutions can not be found unless in small partially or totally 
ordered systems. This implies that the CD treatment of a granular assembly 
involves practically no indeterminacy. Thus, if slightly different solutions are 
found according to the iteration method employed, they should be 
attributed to the lack of precision below the convergence criterion.

Multiplicity of the solutions for a single time step in the CD simulation of a granular shear 
flow obtained by starting with zero forces and changing the ordering of force updates in 
the iterative resolution of the SC problem.  

Moreau (2005)
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This level of indeterminacy can be further reduced by starting the 
iterative resolution in each time step with the forces calculated in the 
preceding time step. In the MD method, the forces are encoded in 
particle positions which keep the memory of the forces in successive 
steps. In the CD method, this should be done explicitly.  
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Turbulentlike Fluctuations in Quasistatic Flow of Granular Media
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We analyze particle velocity fluctuations in a simulated granular system subjected to homogeneous
quasistatic shearing. We show that these fluctuations share the following scaling characteristics of fluid
turbulence in spite of their different physical origins: (i) scale-dependent probability distribution with non-
Gaussian broadening at small time scales; (ii) spatial power spectrum of the velocity field showing a
power-law decay, reflecting long-range correlations and the self-affine nature of the fluctuations; and
(iii) superdiffusion of particles with respect to the mean background flow.

DOI: 10.1103/PhysRevLett.89.064302 PACS numbers: 45.70.Mg, 47.27.–i

The key role of fluctuations in quasistatic (QS) flow of
granular media has been noted by several authors referring
basically to stress fluctuations in time or the inhomoge-
neous distribution of forces in space [1,2]. Amazingly, few
studies have been reported about the fluctuations of particle
velocities under macroscopically homogeneous strain con-
ditions. Velocity fluctuations have been observed to occur
in a correlated fashion, though their scaling properties have
not yet been analyzed [3,4]. Other recent studies concern
mainly Couette flows where the strain is localized in the
vicinity of the inner rotating cylinder [5].

In this Letter, we present a numerical investigation of
velocity fields in a slow granular flow where the homoge-
neity of shearing is ensured by means of biperiodic boun-
dary conditions. Thereby we obtain reliable statistics that
allows for an accurate analysis of fluctuations. The
occurrence of these fluctuations recalls the field of fluid
turbulence. There obviously the physics is fundamentally
different from that governing granular media. Never-
theless, the rich body of work devoted to the statistical
analysis of the fluctuating part of the velocity field in fluid
turbulence (cf. e.g., [6]) provides a suitable framework that
can be applied in order to characterize the analogous
fluctuating part of the velocity field in a granular medium.
This point leads quite naturally to an interesting question:
Are granular fluctuations turbulent in terms of scaling
features such as the non-Gaussian broadening of probabil-
ity density functions (pdf’s), power-law spectrum in space,
and anomalous diffusion? Although deeply rooted in fluid
dynamics (Navier-Stokes equations and inertia regime),
these key aspects of fluid turbulence may, in principle,
prove to be relevant as well within a different physical
context such as granular flows.

We will show that particle velocity fluctuations in our
QS granular flows exhibit indeed strikingly similar fea-
tures. A strict analogy with fluid turbulence makes cer-
tainly not much sense because of a drastically different
physics that underlies these fluctuations. In particular,

inertia effects are basically irrelevant in a QS granular
flow, and frictional and hard-core inelastic interactions
between particles have little in common with molecular
interactions in a fluid. But, precisely because of these
dissimilarities, the observed analogy in terms of scaling
properties is quite nontrivial, and it might lead to new
insights in both fields. In the following, we first describe
the simulated granular system and our procedures of data
analysis. Then, we present our main results focusing on the
pdf’s, correlations, and diffusion, respectively.

The investigated granular model is a two-dimensional
assembly of 4000 frictional disks with diameters uniformly
distributed between Dmin and Dmax with Dmax ! 3Dmin.
The particles interact through a stiff linear repulsive force
as a function of mutual overlaps and the Coulomb friction
law. The coefficient of friction is 0.5. The equations of
motion for particle displacements and rotations are inte-
grated by means of a predictor-corrector scheme [7].

An accurate evaluation of the statistics of fluctuations
requires long-time homogeneous and steady shearing.
However, ordinary wall-type boundary conditions induce
a pronounced layering effect and the corners enhance the
local frustrations whereby large strain and stress inhomo-
geneities arise when the box shape changes. System-size
inhomogeneities may also occur due to shear localization.
In order to circumvent such unwanted effects, we used
biperiodic boundary conditions following a method similar
in spirit to that devised by Parrinello and Rahman [8].

In our simulations, the gravity was set to zero and a
confining pressure was applied along the y direction. The
width L of the simulation cell was kept constant. The
displacement field is decomposed into an affine displace-
ment field !ri " #!rix;!r

i
y$ and a fluctuating field !si "

#!six;!s
i
y$ of zero mean (h!si ! 0) carried by the particles

i. The system is driven by imposing !rix ! !t"riy, where "
is a constant shear rate and !t is the time step. In other
words, the Fouier mode k ! 0 of the total strain is im-
posed, corresponding to a large-scale forcing. This driving
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mode was applied on a dense packing prepared by isotropic
compaction. The height of the packing increases (dilation)
in the initial stages of shearing before a homogeneous
steady state is reached where volume changes fluctuate
around zero. The focus of this Letter is the field !si

which corresponds to a spatially periodic motion of the
particles with respect to the background flow !ri.

Although our dynamic simulations involve the physical
time, the inertial effects are negligibly small and the
granular texture evolves quasistatically at time scales
well below "%1. We normalize all times by "%1 so that
the dimensionless time t in what follows will actually
represent the cumulative shear strain. We will also use
the mean particle diameter D to scale displacements. As
a result, the velocities will be scaled by "D and the power
spectra in space by #D2"$2. In our simulations the time step
is !t ’ 10%7, and more than 2& 107 steps are simulated,
corresponding to a total strain larger than 2. The solid
fraction in the steady state fluctuates in the range
[0.79, 0.81] and the average coordination number is 3.8.

It is important to emphasize here that the granular nature
of our system does not allow us to apply exactly the same
procedures of data analysis as in fluid turbulence.
Turbulence studies focus mainly on velocity differences
!v measured at a fixed point of a fluid over a time interval
# or between two points separated by a distance r. In
contrast, the particle-scale granular motion involves a
discrete displacement field that is carried by individual
particles. Thus, our natural framework is Lagrangian
rather than Eulerian. These differences are certainly im-
portant for a one-to-one comparison, but here we basically
consider turbulence as a reference field from which we
extract tools to characterize granular fluctuations.

Another distinctive feature of granular flow is that, due
to collisions, the velocities are discontinuous in time. As
the positions are better behaved, we characterize the fluc-
tuating motions of the particles by ‘‘tracer’’ velocities
defined from particle displacements !si by

v
i#t; t' #$ !

1

#

Z t'#

t
!si#t0$dt0; (1)

where # is the time resolution. Since we are concerned with
steady flow, the statistical properties of v are independent
of t (though, as shown below, they crucially depend on #$.
Hence, accurate statistics can be obtained by cumulating
the data from different time slices of a single simulation
running for a long time.

Figure 1 shows a snapshot of fluctuating velocities vi for
a short time lag # ! 10%7. We see that large-scale
well-organized displacements coexist with a strongly in-
homogeneous distribution of amplitudes and directions on
different scales. Eddylike structures (though without the
singular vorticity concentrated in the core of these eddies)
appear quite frequently, but they survive typically for
strains # less than 10%3. After such short times, large-
scale eddies break down and new (statistically uncorre-

lated) structures appear. This behavior is radically different
from turbulence where the eddies survive long enough to
undergo a significant distortion due to fluid motion [6].

We consider now the pdf’s of the components vi
x#t; t'

#$ and vi
y#t; t' #$ as a function of time resolution #. The

pdf’s of vi
y are shown in Fig. 2 for a short integration time

# ! 10%3, and for a long integration time # ! 10%1. The
pdf has changed from a nearly Gaussian shape at large # to
a non-Gaussian shape with broad stretched exponential
tails extending nearly to the center of the distribution at
small #.

In order to characterize this non-Gaussian broadening of
the pdf’s, we calculated the flatness F ! hv4

yi=hv
2
yi% 3,

FIG. 1. A snapshot of particle displacements !si with respect
to the mean background flow.
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FIG. 2. The pdf’s of the y components of fluctuating velocities
for two different integration times: 10%3 (broad curve) and 10%1

(narrow curve). The latter is fitted by a Gaussian. The error bars
are too small to be shown.
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which is zero for a Gaussian distribution and 3 for a purely
exponential distribution. The values of F as a function of #,
shown in Fig. 3, are consistent with zero at large # ## >
10%1$ and rise to 5 for our finest time resolution (# !
10%7$ . A strictly similar behavior was observed for the
component vx.

The broadening of the exponential tails of the pdf’s at
increasingly smaller scales is a hallmark of fully developed
turbulence (for velocity differences) [9]. It is attributed to
the phenomenon of intermittency, i.e., strong localized
energy transfers at small scales. In a QS granular flow,
the basic physical mechanism underlying the fluctuations
is the mismatch of the uniform strain field applied at
the boundaries or in the bulk, with mutual exclusions of
the particles. As a result, the local strains deviate from the
mean (global) strain. The observation of a transition toward
a Gaussian distribution for large time lags is a sign of loss
of correlation and/or exhaustion of large fluctuations in the
increment of displacement which occur at different times.
Unfortunately, the rich multifractal scaling of velocity
fluctuations is out of reach within the present investigation
due to demanding statistics [10]. The analogy with turbu-
lence, however, suggests further study along such routes.

In order to quantify the extent of correlations in space,
we estimated the power spectrum E of velocity fluctuations
both along and perpendicular to the flow and at different
times. The Fourier transform was performed over the
fluctuating velocity field defined on a fine grid by inter-
polating the velocities from particle centers. The power
spectra were quite similar along and perpendicular to the
flow, and for different snapshots of the flow. The averaged
spectrum on one-dimensional cross sections is shown in
Fig. 4. It has a clear power-law shape k%$ ranging from the
smallest wave number k ! D=L, corresponding to scale L,
up to a cutoff around k ! 0:5, corresponding to nearly two
particle diameters. The exponent is $ ’ 1:24 ’ 5=4 over
1 decade (to be compared with the exponent 5=3 as a
hallmark of 3D turbulence for the spectrum of velocity
differences). This means in practice that the fluctuating
velocity field is self-affine with a Hurst exponent H !
#$% 1$=2 ! 0:12 [11].

Because of the peculiar behavior of the velocity field
(discontinuous in time), one might expect that the power
spectrum is sensitive to the time resolution #. However, we
checked that the value of $ is independent of #. It is also
noteworthy that the presence of long-range correlations in
displacements, reflected in the value of $, is in strong
contrast with the observed correlation lengths of nearly
10D for contact forces [2].

The long-time behavior may be studied by considering
the effective diffusion of the particles. Normal diffusion
implies that the root-mean-square (rms) relative displace-
ments % in a given direction varies in proportion to the
square root of time. In 3D fluid turbulence at high
Reynolds numbers, the long-time pair diffusivity of sus-
pended particles is anomalous, following the Richardson
law % / #3=2, reflects the Kolmogorov-Obukhov velocity
spectrum [6].

We analyzed the kinematic diffusion of single particles
in our QS granular flow. One example of a single particle
trajectory with respect to the background strain is shown in
Fig. 5. We see that the fluctuating displacement is of the
order of the mean particle diameter for a strain of the order
of unity. Figure 6 shows the rms relative displacement %##$
of all particle pairs initially in contact, as a function of time
along x and y directions. This clearly corresponds to a
superdiffusion behavior% / #&, with & ’ 0:9 for both
components over nearly 3 decades of strain. Particle self-
diffusivities exhibit a similar law. Since large-scale struc-
tures are short lived, this anomalous diffusion scaling
cannot be solely attributed to velocity correlations. It
reveals, above all, the long-time configurational memory
of a granular medium in QS flow.

We note that Fig. 6 shows no anisotropy for the diffu-
sion. In fact, the steric exclusion effects dominate over the
large-scale strain field for small diffusive displacements
(below one particle diameter), and hence the anisotropy
may be weak at such scales. Moreover, we observe no
crossover to normal scaling within the investigated strain
range. We cannot exclude that for larger strains, when two
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FIG. 3. Flatness F of the distribution of velocity fluctuations as
a function of the integration time #.
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FIG. 4. Averaged power spectrum of the x and y components of
the fluctuating velocity field with # ! 10%7 for one-dimensional
cross sections along the mean flow. For the units, see the text.
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particles are more widely separated, a normal diffusion law
is recovered.

In summary, we analyzed fluctuating particle displace-
ments with respect to the background quasistatic shear
flow in a model granular medium. These fluctuations
were shown to have the following scaling characteristics:
(i) the pdf’s undergo a transition from stretched exponen-
tial to Gaussian as the time lag is increased, (ii) the spatial
power spectrum of the velocity field obeys a power law,
reflecting long-range correlations and the self-affine nature
of the fluctuations, and (iii) the fluctuating displacements
have a superdiffusive character. These observations contra-
dict somehow the conventional wisdom which disregards
kinematic fluctuations in macroscopic modeling of plastic
flow in granular media. Several basic aspects of quasistatic
granular flow (elementary representative volumes, mean
field approximation, memory effects, and mixing) are thus
concerned by these findings [12].

There appears an evident analogy with the scaling
features of turbulence that was also discussed throughout
this Letter. Of course, this analogy does not imply that a QS
granular flow can be considered as turbulent in the standard
sense of fluid dynamics. In particular, because of the
fundamentally different origin of granular fluctuations, a
direct reference to the underlying physics of turbulence can
be misleading. But, the observed analogy in terms of
scaling characteristics is consistent enough to upgrade
kinematic fluctuations in quasistatic granular flows to the
rank of a systematic phenomenology which could be
coined by the term ‘‘granulence’’ as compared to ‘‘turbu-
lence’’ in fluids.

Interestingly, this analogy works with three-dimensional
turbulence, although our data concern a two-dimensional
granular flow. The energy cascade in turbulence is gov-
erned by inertia, and two- and three-dimensional systems

do differ significantly in this respect. In quasistatic gran-
ular flow, the fluctuating velocity field is a consequence of
the geometrical compatibility of the strain with particle
arrangements, and dissipation is mainly governed by fric-
tion at the particle scale. The difference between two- and
three-dimensional systems may thus be less crucial, but it
was not investigated in the present work. Quite independ-
ently of its physical origins, this analogy is suggestive
enough to be used as a promising strategy towards a refined
probabilistic description of granular flow in the plastic
regime.
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a b s t r a c t

The contact dynamics (CD) method is presented as a discrete element method for the sim-
ulation of nonsmooth granular dynamics at the scale of particle rearrangements where
small elastic response times and displacements are neglected. Two central ingredients of
the method are detailed: (1) The contact laws expressed as complementarity relations
between the contact forces and velocities and (2) The nonsmooth motion involving velocity
jumps with impulsive unresolved forces as well as smooth motion with resolved static
forces. We show that a consistent description of the dynamics at the velocity level leads
to an implicit time-stepping scheme together with an explicit treatment of the evolution
of the particle configuration. We also discuss the intuitive features of the CD method with
regard to collective phenomena involved in the multicontact dynamics of granular media:
the role of the coarse-graining time dt, the precision issues and the interpretation of the
restitution coefficients.

! 2009 Elsevier Ltd. All rights reserved.

1. Introduction

The contact dynamics (CD) method, also called non-
smooth contact dynamics (NSCD), is a discrete element
method (DEM) for the simulation of granular materials. It
emerged from a mathematical formulation of nonsmooth
dynamics and the subsequent algorithmic developments
by J.J. Moreau and M. Jean (Moreau, 1977, 1983, 1988a,b,
1993, 1994; Jean and Pratt, 1985; Jean, 1988, 1995, 1999;
Jean and Moreau, 1992; Jean et al., 1994). The fundamental
difference between this method and the common DEM or
molecular dynamics (MD) approach lies in the treatment
of small length and time scales involved in the dynamics
of granular media. In MD-type DEM, pioneered by P. Cun-
dall, the particles are treated as rigid bodies but the con-
tacts between particles are assumed to be compliant and
obeying a viscoelastic behavior in which the local strain
variables are the relative particle positions and displace-
ments (Cundall, 1971; Cundall and Strack, 1979; Thornton
and Yin, 1991; Herrmann, 1993; Thornton, 1993; Pöschel
and Buchholtz, 1995; Thornton, 1997; Luding, 1998;

Matuttis et al., 2000; McNamara and Herrmann, 2004;
Garca and Medina, 2007; Gilabert et al., 2007; Richefeu
et al., 2007). The time-stepping schemes used for the
numerical integration of the equations of motion imply
thus a fine resolution of the small time and length scales
involved in contact interactions. In the CD method, these
small scales are neglected and their effects absorbed into
contact laws together with a nonsmooth formulation of
particle dynamics described at a larger scale than small
elastic response times and displacements.

The CD method has been applied to investigate granular
materials (Moreau, 1997; Radjai et al., 1996b; Radjai et al.,
1998; Bratberg et al., 2002; Radjai and Roux, 2002; Staron
et al., 2002; Nouguier-Lehon et al., 2003; Renouf et al.,
2004; McNamara and Herrmann, 2004; Taboada et al.,
2005; Saussine et al., 2006; Azéma et al., 2007; Ries
et al., 2007), as well as other mechanical systems com-
posed of rigid bodies with frictional contact interactions
such as masonry and tensegrity structures (Acary and Jean,
1998; Nineb et al., 2006). The results prove often to be in
good agreement with experimental observation, and for
static and plastic shear properties with MD simulations
(Radjai et al., 1995, 1997a, 1999; Moreau, 1997; Lanier
and Jean, 2000; Radjai and Roux, 2004). The differences be-
tween the two methods arise mainly from the scales of
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description and the presence of elastic parameters in the
MD method (Radjai et al., 1997a; McNamara and
Herrmann, 2004, 2006).

In this paper, we present the CD method as a consistent
model of nonsmooth and multicontact granular dynamics
expressed in contact coordinates. Nonsmoothness refers
to various degrees of discontinuity in local or global char-
acteristics of a dynamical system. The mathematical con-
cepts and tools for the treatment of nonsmooth dynamics
were developed in relation with mechanical problems
involving unilateral constraints and in the context of con-
vex analysis; see Brogliato (1999) for a detailed history.
The multicontact feature is present in static states and in
dense flows of granular materials where spatial correla-
tions occur at large length scales and impulse dynamics
is mixed with smooth particle motions at different time
scales (Bershadskii, 1994; Lvoll et al., 1999; Puglisi et al.,
2002; Radjai and Roux, 2002; Silbert et al., 2002; Staron
et al., 2002; Pouliquen, 2004; Majmudar and Behringer,
2005; Agnolin and Roux, 2007; Behringer et al., 2007;
Olsson and Teitel, 2007).

While explicit integration schemes used in the MD ap-
proach are rather straightforward to implement in a
numerical code, the underlying model of the CD method
seems to be more complex and thus less accessible to com-
puter implementation. This paper is meant to highlight the
intuitive aspects of the CD method and to illustrate its sim-
ple but powerful logics in treating multiple contacts.

2. Particle-scale model of granular dynamics

The dynamics of a homogeneous granular flow involves
at least three different scales: (1) small time and length
scales characterizing contact interactions, (2) intermediate
scales associated with particle rearrangements and shear
rate, and (3) large length scales related to geometrical cor-
relations at even larger scales. The elastic response time se
of the particles and their contacts is far below the rear-
rangement time characterized by the mean time interval
sc between successive events (collisions, etc.). In the same
way, the relative stiffness E=p, where E is the Young mod-
ulus of the particles and p the mean confining stress, is nor-
mally high, and hence the elastic displacements ke are tiny
compared to the mean particle size d.

Various DEM algorithms differ in the treatment of small
scales. The common denominator is that the particles are
considered as rigid bodies and thus the material behavior
is attributed to the contact zones, with local strain vari-
ables derived from rigid-body degrees of freedom (transla-
tions and rotations) of the particles. When the small scales
are numerically resolved, as in MD-like or smooth DEM,
the particle motions are smooth (twice differentiable)
and the equations of dynamics are integrated with the help
of force laws governing particle interactions. The latter ex-
presses the contact force~f !~d; _~d" between a pair of touching
particles as a (mono-valued) function of their contact dis-
placement~d (a displacement vector with respect to a refer-
ence state or defined geometrically) and its time derivative
_~d. With an explicit integration scheme, the time step dt
must be small compared to se for the sake of numerical sta-

bility. Numerical efficiency often imposes the use of simple
force laws (linear elastic with viscous damping and a Cou-
lomb friction law).

An interesting issue is whether one can or should ne-
glect the small sub-particle scales and turn to a model of
granular dynamics at the scale of particle rearrangements.
In other words, when only plastic granular flow is of inter-
est, the contact elastic strains may become irrelevant.
Numerically, this also means that large time steps can then
be used and materials with very stiff particles simulated.
Another motivation is that, when deformable particles
are considered and modeled, e.g. within a finite-element
approach, it is more plausible to consider their mutual con-
tacts as rigid, i.e. as purely unilateral constraints. This is
conform to the requirement of non-interpenetration be-
tween solid bodies.

Such a particle-scale model of granular dynamics im-
plies, however, velocity jumps. Let dt be the time resolu-
tion (a time step in numerical simulations). Since dt # se,
the net effect of fast collisional dynamics in a multicontact
system over the time interval dt is a finite change of parti-
cle velocities and impulsive forces through the contact net-
work as well as a net dissipation due to contact plasticity
or viscosity. This is similar to shock dynamics in a dilute
gas governed by binary collisions except that in the latter
the impulse is confined to a single contact at a time
whereas in a multicontact system the whole system is af-
fected. This nonsmooth dynamics can not be described
by second order equations of motion since the accelera-
tions are no more defined. The model should thus neces-
sarily be formulated at the velocity level with built-in
discontinuities.

The CD method is based on a particle-scale model of
granular dynamics with two major ingredients. First, the
interactions between particles are described by contact
laws instead of force laws. In this framework, a contact is
a dynamic and unilateral element with a coarse-grained
behavior over the considered time interval dt. Second, the
equations of dynamics are adapted to account consistently
for both smooth and nonsmooth motion in a time-stepping
scheme. Below, we discuss in detail these features of the
CD method.

3. Nonsmooth contact laws

3.1. A dynamic contact condition

Let us consider two particles i and j and a potential con-
tact point a between them. We assume that a unique con-
tact plane (line in 2D) tangent to the two particles at a can
be geometrically defined so that the contact can be en-
dowed with a local reference frame defined by a normal
unit vector~n and a tangential unit vector~t lying on the tan-
gent plane. The orientation of the axes is a matter of con-
venience. In the following, the subscripts n and t refer to
normal and tangential components, respectively, with re-
gard to the contact frame.

A potential contact point between two particles has the
following dynamic content. As long as the distance dn be-
tween the two particles remains positive (corresponding

716 F. Radjai, V. Richefeu /Mechanics of Materials 41 (2009) 715–728



to a gap), no force is activated and the normal force fn is
identically zero. But when dn $ 0, a nonnegative (repul-
sive) normal force fn is mobilized at the contact point
and it can take indefinitely large values depending on the
forces acting on the two particles; see Fig. 1. These condi-
tions define a complementary relation, called Signorini’s con-
ditions, between dn and fn:

dn > 0 ) fn $ 0
dn $ 0 ) fn P 0:

!
!1"

Only one of the two alternatives is true. This mutual dis-
junction between the two statements is fundamental as
it implies that none of the two variables can be reduced
to a mono-valued function of the other. In other words,
Signorini’s conditions define a degenerate, i.e. multi-valued,
interaction law. It can be represented as a graph displayed
in Fig. 2. Symbolically, we represent this complementarity
relation as follows:

dn $
S fn: !2"

A contact is persistent if both dn $ 0 and un $ _dn $ 0. The
normal force vanishes at a breaking contact, i.e. when
dn $ 0 and un > 0. Hence, Signorini’s complementarity
relation can be developed as follows:

dn > 0 ) fn $ 0

dn $ 0 ^
un > 0 ) fn $ 0
un $ 0 ) fn P 0

!
8
<

: !3"

In this form, Signorini’s conditions contain a kinematic
constraint: For a contact, i.e. for dn $ 0, we have

un $
S fn: !4"

The full dynamic content of Signorini’s conditions appears
for the second derivative !dn $ _un with respect to time
where the relative acceleration !dn and fn will obey Signo-
rini’s complementarity relation. However, in a nonsmooth
formulation where velocity jumps are expected, we have to
stay at the velocity level and the relation (3) should further
be reinterpreted according to the coarse-graining time, as
we shall see below.

The three alternatives in (3) lead to the condition of a
complete contact law formulated by Moreau as follows
(Moreau, 1994):

dn > 0 ) fn $ 0
dn 6 0 ) un P 0
un > 0 ) fn $ 0

8
><

>:
!5"

In this writing, dn 6 0 corresponds to the condition of a
geometrical contact which was expressed in (3) and (1)
by an equality. The first and third conditions are the same
as in (3). The second condition is necessary to ensure that
the particle motions will respect the unilateral nature of a
contact. Up to numerical precision, this condition in CD
simulations prevents the violation of unilateral constraints
in the absence of a repulsive force law.

In the context of nonsmooth motion, the time deriva-
tive _dn!t" is not unique. Assuming bounded variation, we
thus distinguish between the left-limit velocity u%

n and
the right-limit velocity u&

n which in a time-stepping formu-
lation should be considered as the contact velocities at
times t and t & dt, respectively. With a finite time resolu-
tion dt, the actual velocity is immaterial since only left
and right velocities (and the velocity jumps) enter the
dynamics; see Section 4. In analogy with a binary collision,
the main unknown of the problem is u&

n that we would like
to calculate given the approach velocity u%

n attributed to
the beginning of the time step in a time-stepping scheme.
The contact model depends on the choice of the velocity un

and the nature of the force fn involved in the complemen-
tarity relation (3) or the relations (5) of a complete contact
law in the context of nonsmooth evolution.

In a granular flow, the normal velocity un at a contact
evolves during a time interval dt either as a result of
smooth motion or due to impulses generated by collisions.
These impulses propagate through the contact network so
that a contact may experience several successive impulses
during dt. Such events can be resolved for a sufficiently
small time increment dt or they may be tracked according
to an event-driven scheme. The event-tracking strategy is,
however, numerically inefficient, of limited applicability
and in contradiction with the scope of the CD method
based on coarse-grained dynamics.

Moreau recognized that the approximation of the con-
tact force fn during dt is a measure problem in the mathe-
matical sense (Moreau and materials, 1994; Moreau,Fig. 1. A potential contact between two particles.

Fig. 2. Characteristics of Signorini’s complementarity relation.
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2004). A static or regular force f s is the density of the mea-
sure f s dt with respect to dt. In contrast, an impulse p gen-
erated by a collision has no density with respect to dt. In
other words, the forces at the origin of the impulse are
not resolved at the scale dt. In practice, however, we can
not differentiate these contributions in a coarse-grained
dynamics, and the two contributions should be summed
up to a single measure df 0n. Then, the contact force is de-
fined as an average of this measure over dt:

fn $ 1
dt

Z t&dt

t
df 0n: !6"

With this definition, the equations of dynamics can be for-
mulated as measure differential equations, as we shall see in
Section 4. Except in static equilibrium where the forces are
of static origin, fn generally depends on time resolution. For
large time steps, the fast dynamics, e.g. successive colli-
sions or rearrangement events, is partially filtered out
and the remaining effect appears as an average force
p=dt, in addition to the static part f sn . For small enough time
steps, the fast dynamics prevails and the corresponding
contribution p=dt increases.

As to the velocity un involved in Signorini’s condition (3),
a simple and physically motivated choice is to assume that
un is a weighted mean between u%

n and u&
n : un $

g u%
n & !1% g"u&

n , where g is a material parameter charac-
terizing the contact. The value g $ 0 seems plausible as it
corresponds to a complementarity Signorini relation be-
tween the mean force fn and the right-limit velocity u&

n

which is the main unknown of the problem. However, for
un $ 0 this choice leads to u&

n $ 0. But, according to (3) non-
zero forces occur only for un $ 0. Hence, this choice implies
that, independently of the dynamics of the system, nonzero
forces will occur only at persistent (u&

n $ 0) contacts. This
choice eludes thus the treatment of collisions with nonzero
normal restitution coefficient en for which the contact is not
persistent (u&

n > 0) although the corresponding force or
impulsion is nonzero. For g–0, a binary shock implies
%u&

n =u
%
n $ g=!1% g". Identifying this ratio with en, one gets

g $ en=!1& en". Hence, we set

un $ u&
n & en u%

n

1& en
: !7"

Notice that, in contrast to the common definition of resti-
tution coefficient for binary collisions, Eq. (7) is not a kine-
matic relation between u%

n and u&
n . It is simply the

expression of a weighted mean velocity that is assumed
to obey Signorini’s conditions un $

S fn. Its exact role in the
CD model will become clear in combination with the equa-
tions of dynamics.

3.2. Coulomb’s friction law

The Coulomb law of dry friction is, by definition, a com-
plementarity relation between the friction force ft and the
sliding velocity ut at a contact point between two particles:

ut > 0 ) ft $ %lfn
ut $ 0 ) %lfn 6 ft 6 lfn
ut < 0 ) ft $ lfn

8
><

>:
!8"

where l is the coefficient of friction and it is assumed that
the unit tangential vector t points in the direction of the
sliding velocity so that~ut '~t $ ut . The graph of this comple-
mentarity relation is displayed in Fig. 3. Like Signorini’s
conditions, this is a degenerate law that can not be reduced
to a mono-valued function between ut and ft . For a concise
expression of Coulomb’s law, we will use the following
notation:

ut $
C ft : !9"

As in the case of Signorini’s conditions, it is useless to con-
sider higher order developments (for ut $ 0 and _ut $ 0) in
the context of nonsmooth motion. This can be useful only
in a system or for system parameters for which the contact
network does not evolve and the contact status (sliding/
nonsliding, force-transmitting/nontransmitting) fully char-
acterizes the mechanical state. In the MD method, the sec-
ond condition (the vertical branch) of Coulomb’s friction
law (8) is replaced either by a tangential elastic relation
or by a viscous law. This regularization transforms the com-
plementarity relation into a mono-valued function at the
price of introducing small local strain or strain-rate param-
eters into the problem.

In the framework of the CDmodel, Coulomb’s law needs
to be reformulated to incorporate velocity discontinuities
and impulsions for a large integration time dt. The points
discussed with regard to Signorini’s conditions in Section
3.1 apply also to Coulomb’s conditions. The force ft at a
contact represents the average effect of static and impul-
sive forces experienced by the contact during the time
lag dt. The sliding velocity ut entering Coulomb’s law (8)
is thus a mean velocity. Along the same lines as for normal
contact reactions, a simple model consistent with tangen-
tial restitution is to set

ut $
u&
t & et u%

t

1& j et j
; !10"

where et 2 (%1;1) is the tangential restitution coefficient.
This expression of ut is assumed to obey Coulomb’s law
ut $

C ft .
The complementarity relations (3) and (8) together

with the expressions (7) and (10) of the mean velocity de-
fine a coarse-grained model of frictional contact with three
material parameters l; en and et . This model can be used to

Fig. 3. Coulomb’s friction law.
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treat frictional contact problems for deformable or unde-
formable bodies. It has the unique feature of combining
static and impulsive forces in the same framework. The
rich content of this model can be appreciated only in inter-
play with the equations of dynamics, as we shall see below
for granular media composed of rigid particles.

4. Nonsmooth dynamics in contact frame

4.1. Equations of dynamics

The rigid-body motion of the particles in a granular
assembly is governed by Newton’s equations under the ac-
tion of imposed external bulk or boundary forces ~Fext , and
the contact reaction forces~f a exerted by neighboring par-
ticles at the contact points a. The contact reactions may in-
volve contact torques but torque transmission will not be
considered here. We also consider mainly a 2D system
since our focus here is on the method rather than its appli-
cations to various geometries. An absolute reference frame
with unit vectors (x̂; ŷ) is assumed, and we set ẑ $ x̂* ŷ.
Each particle is characterized by its mass m, moment of
inertia I, mass center coordinates ~r, mass center velocity
~U, angular coordinates h, and angular velocity xẑ. For a
smooth motion (twice differentiable), the equations of mo-
tion of a particle are

m _~U $~F &~Fext

I _x $ M&Mext

!11"

where~F $
P

a
~f a andM $ ẑ '

P
a~c

a *~f a where~ca is the con-
tact vector joining the center of mass to the contact a and
Mext represents the moment of external forces.

For a nonsmooth motion with time resolution dt involv-
ing impulses and velocity discontinuities, an integrated
form of the equations of dynamics should be used. As dis-
cussed in Section 3, every force sums up static and impul-
sive actions so that it should naturally be represented as a
measure d~F 0 rather than a density with respect to time. It
has a density~F with respect to dt only for a smooth motion.
Hence, the equations of dynamics should be written as an
equality of measures:

md~U $ d~F 0 &~Fext dt
I dx $ dM0 &Mext dt

!12"

where d~F 0 $
P

ad
~f 0a and dM0 $ ẑ '

P
a~c

a * d~f 0a. These mea-
sure differential equations can be integrated over dt with
the definition of~F as an approximation of the integral over
d~F 0:
Z t&dt

t
d~F 0 $~F dt !13"

In the same way, we set
R t&dt
t dM0 $ M dt. With these def-

initions, the integration of Eq. (12) over dt yields

m !~U& % ~U%" $ dt ~F & dt ~Fext

I !x& %x%" $ dt M& dt Mext
!14"

where !~U%;x%" and !~U&;x&" are the left-limit and right-
limit velocities of the particle, respectively. In this form,
the accelerations are replaced by velocity jumps ~U& % ~U%

and x& %x%, and Newton’s equations take the form of
an equality between the change of momenta and the aver-
age impulse during dt.

Although Eq. (14) may be considered as resulting from a
direct integration of smooth Eq. (11) over a short time lag,
the formulation of dynamics in terms of measures is a nec-
essary step in a rigorous mathematical formulation under-
taken by Moreau and other precursors of nonsmooth
mechanics. For example, from this formulation, it becomes
clear that, according to (13),~F is a coarse-grained force. This
means that, its dynamic content depends on the time reso-
lution dt. Clearly, in a quasi-static granular flow, the contact
forces ~F reflect basically the confining stresses which are
regular static forces applied on the system, so that the value
of the time step in CD simulationswill have negligibly small
effect on the calculated forces. In contrast, for a faster flow
and in dynamic transients during quasi-static flow, the va-
lue of time step matters. This should not, however, be con-
sidered as a numerical artifact but rather as a physical effect
reflecting the nonsmooth character of granular flow. Such
effects of the integration time are also observed in MD sim-
ulations. For example, it was shown that the velocity distri-
butions and their spatial correlations obtained from the
integration of particle displacements crucially depend on
the integration time (Radjai and Roux, 2002).

The equations of dynamics can be written in a compact
form for a set of Np particles by using matrix representa-
tion. The particles are labelled with integers i 2 (1;Np).
The forces and force moments Fi

x; F
i
y;M

i acting on the par-
ticles i are arranged in a single high-dimensional column
vector represented by a boldface letter F belonging to
R3Np . In the same way, the external bulk forces Fext;x; Fext;y;
Mext applied on the particles and the particle velocity com-
ponents Ui

x;U
i
y;xi are represented by column vectors Fext

and U, respectively. The particle masses and moments of
inertia define a diagonal 3Np * 3Np matrix denoted by M.
With these notations, the equations of dynamics (14) are
cast into a single matrix equation:

M!U& % U%" $ dt!F & Fext" !15"

4.2. Transfer equations

In the MD method, the equations of motion of the par-
ticles are integrated with the help of force laws which ex-
press the contact forces as a function of the actual
mechanical state (particle positions and velocities) of the
system. In the CD method, the contact forces are not expli-
cit functions of the state. Hence, the forces and velocities
should be determined at the same time. To this end, as
the contact laws are expressed in contact variables, we
need to express the equations of dynamics in the same
variables.

The contacts are labelled with integers a 2 (1;Nc),
where Nc is the total number of contacts. Like particle
velocities, the contact velocities uan and uat can be collected
in a column vector u 2 R2Nc . In the same way, the contact
forces f an and f at are represented by a vector f 2 R2Nc . We
would like to transform the equations of dynamics from
F and U to f and u.
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The formal transformation of matrix Eq. (15) is straight-
forward. Since the contact velocities u are linear in particle
velocities U, the transformation of the velocities is an af-
fine application:

u $ GU !16"

where G is a 2Nc * 3Np matrix containing basically infor-
mation about the geometry of the contact network. A sim-
ilar linear application relates f to F:

F $ Hf !17"

whereH is a 3Np * 2Nc matrix. We will refer to H as contact
matrix. It contains the same information as G in a dual or
symmetric manner. It can easily be shown that

H $ GT !18"

where GT is the transpose of G. This property can be in-
ferred from the equivalence between the power F ' U
developed by ‘‘generalized” forces F and the power f ' u
developed by the bond forces f . In general, the matrix H
is singular and, by definition, its null space has a dimension
at least equal to 2Nc % 3Np. A schema of this transforma-
tion from particle dynamics to transfer equations is dis-
played in Fig. 4.

The matrix Hia can be decomposed into two matrices
Hia

n and Hia
t such that

uan $
X

i

HT;ai
n Ui

uat $
X

i

HT;ai
t Ui

!19"

and

Fi $
X

a
!Hia

n f an & Hia
t f at " !20"

Using these relations, Eq. (15) can be transformed into two
equations for each contact a:

ua&n % ua%n $ dt
X

i;j

HT;ai
n M%1;ij

X

b

!Hjb
n f

b
n & Hjb

t f
b
t " & Fj

ext

( )

ua&t % ua%t $ dt
X

i;j

HT;ai
t M%1;ij

X

b

!Hjb
n f

b
n & Hjb

t f
b
t " & Fj

ext

( )

!21"

We now can make appear explicitly linear relations be-
tween the contact variables from Eq. (21) and definitions
(7) and (10). We set

Wab
k1k2

$
X

i;j

HT;ai
k1

M%1;ij Hjb
k2
; !22"

where k1 and k2 stand for n or t. With this notation, Eq. (21)
can be rewritten as

1& en
dt

!uan % ua%n " $ Waa
nnf

a
n &Waa

nt f
a
t

&
X

b!–a"

n
Wab

nnf
b
n &Wab

nt f
b
t

o

&
X

i;j

HT;ai
n M%1;ijFj

ext !23"

1& et
dt

!uat % ua%t " $ Waa
tn f

a
n &Waa

tt f
a
t

&
X

b!–a"

n
Wab

tn f
b
n &Wab

nt f
b
t

o

&
X

i;j

HT;ai
t M%1;ijFj

ext !24"

The coefficients Waa
k1k2

for each contact a can be calculated
as a function of the contact geometry and inertia parame-
ters of the two partners 1a and 2a of the contact a. Let~cai be
the contact vector joining the center of mass of particle i to
the contact a. The following expressions are easily
established:

Waa
nn $

1
m1a

&
1

m2a
&
!ca1t"

2

I1a
&
!ca2t"

2

I2a
;

Waa
tt $ 1

m1a
& 1
m2a

& !ca1n"
2

I1a
& !ca2n"

2

I2a
;

Waa
nt $ Waa

tn $ ca1nc
a
1t

I1a
& ca2nc

a
2t

I2a
;

!25"

where cain $~cai '~na and cait $~cai '~ta are the components of
the contact vectors in the contact frame; see Fig. 5. Note
that the coefficients Waa

k1k2
are inverse reduced inertia.

contact laws

tramsfer equations

dynamics

,

Fig. 4. Matrix transformation between particle and contact coordinates.
Fig. 5. The geometry of a contact a between two particles 1a and 2a with
contact vectors~ca and contact frame !~na;~ta".
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An alternative representation of Eqs. (23) and (24) is

Waa
nnf

a
n &Waa

nt f
a
t $ !1& en"

1
dt

uan & aan; !26"

Waa
tt f

a
t &Waa

tn f
a
n $ !1& et"

1
dt

uat & aat : !27"

The two offsets aan and aat can easily be expressed from the
Eqs. (23) and (24). We refer to Eqs. (26) and (27) or Eqs.
(23) and (24) as transfer equations since the contact a
between the two particles 1a and 2a appears here as a uni-
lateral element (with regard to Signorini’s conditions and
Coulomb’s friction law) allowing for force transfer accord-
ing to the values of aan and aat which depend on the left-limit
velocity and the other forces acting on the particles 1a and
2a. To see this point, starting with the equations of dynam-
ics for each of the two particles, it is easy to show that

aan $ ban % !1& en"
1
dt

ua%n &
~F2a
ext

m2a
%
~F1a
ext

m1a

 !

'~na; !28"

aat $ bat % !1& et"
1
dt

ua%t &
~F2a
ext

m2a
%
~F1a
ext

m1a

 !
'~ta: !29"

The effect of the approach velocity (left-limit velocity)
!ua%n ;ua%t " appears as an impulse depending on the reduced
mass and the restitution coefficient. The effect of contact
forces ~f bi acting on the two touching particles i are repre-
sented by ban and bat given by

ban $ 1
m2a

X

b!–a"

~f b2a '~n
a % 1

m1a

X

b!–a"

~f b1a '~n
a; !30"

bat $ 1
m2a

X

b!–a"

~f b2a '~t
a % 1

m1a

X

b!–a"

~f b1a '~t
a: !31"

The transfer Eqs. (26) and (27) define a system of two lin-
ear equations between the contact variables at each con-
tact point. The solution, when the values of an and at at a
contact are assumed, should also verify the contact com-
plementarity relations (3) and (8). Graphically, this means
that the solution is at the intersection between the straight
line (26) and Signorini’s graph on one hand, and between
(27) and Coulomb’s graph, on the other hand. This is a
highly nonlinear procedure for a multicontact system as
discussed below.

5. Iterative determination of contact forces and
velocities

5.1. Single contact problem

In order to solve the system of 2Nc transfer equations
(in 2D) with the corresponding complementarity relations,
we proceed by an iterative method which converges to the
solution simultaneously for all contact forces and veloci-
ties. We first consider a single-contact situation to which
we will refer as the local SC problem (SC standing for Signo-
rini-Coulomb). It consists of the determination of contact
variables f an ; f

a
t ;u

a
n and uat at a single contact given the val-

ues of the offsets aan and aat at the same contact. Formally,
by combining the transfer Eqs. (26) and (27) with the com-
plementarity relations (4) and (9), it is easily shown that
the local SC problem is equivalent to the following
relations:

Waa
nnf

a
n % aan %Waa

nt f
a
t

" #
$S f an ; !32"

Waa
tt f

a
t % aat %Waa

nt f
a
n

" #
$C f at : !33"

The solution of this problem is given by intersecting the
lines representing transfer equations with Signorini’s and
Coulomb’s graphs; see Fig. 6. The intersection occurs at a
unique point due to the positivity of the coefficients
Waa

k1k2
(positive slope). In other words, the dynamics re-

moves the degeneracy of the contact laws. Notice, how-
ever, that the two intersections can not be established
separately when Waa

nt –0. To find the local solution, one
may consider the intersection of transfer equations with
the force axis, i.e. by setting un $ ut $ 0. This yields two
values gan and gat of f an and f at , respectively:

gan $ Waa
tt a

a
n %Waa

nt a
a
t

Waa
nnW

aa
tt % !Waa

nt "
2 ; !34"

gat $ Waa
nna

a
n %Waa

tn a
a
t

Waa
tt W

aa
nn % !Waa

tn "
2 : !35"

It can be shown that the denominator is positive. If gan < 0,
then the solution is f an $ f at $ 0. This corresponds to a
breaking contact. Otherwise, i.e. if gan P 0, we have
f an $ gan . With this value of f an , we can determine the solu-
tion of the Coulomb problem. If gat > lf an , the solution
is f at $ lf an and in the opposite case, i.e. if gat < %lf an , the

Fig. 6. Solution of the local Signorini-Coulomb problem at the intersection points between transfer equations and complementarity relations.
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solution is f at $ %lf an (sliding contact). Otherwise, i.e. when
%lf an < gat < lf an , the solution is f at $ gat (rolling contact).

In order to illustrate how this works, let us consider a
simple contact problem between two disks of masses m1

and m2 and radii R1 and R2 lying on the x-axis and sub-
jected to constant external forces F1hatx and %F2hatx,
respectively, where F1 P F2 P 0; see Fig. 7. We also as-
sume that the two particles come in touch with a relative
velocity u%

n $ U2
x % U1

x 6 0. The normal coefficient of resti-
tution is en and the inverse reduced mass is Wnn $
!m1 &m2"=!m1m2" since for a disk ct $~c '~t $ 0; see Eq.
(25). From Eqs. (28) and (29), we have

an $ %!1& en"
1
dt

u%
n & F1

m1
& F2

m2

 !
: !36"

The transfer equation is

Wnnfn $ !1& en"
1
dt

un & an: !37"

The intersection of this line with Signorini’s graph occurs
on the vertical branch if an > 0, and this is the case. Hence,
un $ 0, and we have u&

n $ %enu%
n and

fn $ an $ % 1
dt

m1m2

m1 &m2
!1& en"u%

n & m2F1 &m1F2

m1 &m2

 !

!38"

This is an interesting expression as it shows the two origins
of the total normal force experienced by the contact. The
first term is an impulsive force induced by the impact
velocity u%

n and averaged over the time lag dt whereas the
second term is a static force induced by the applied external
forces F1 and F2. The first term vanishes only if the impact
velocity is zero, i.e. if the two particles initially touch. In this
case, we have u&

n $ 0 so that the two particles stay in con-
tact. The particle velocities can be calculated from the equa-
tions of motion of each particle and the value of fn:
U1& $ U1% & dt!F1 % fn"=m1 and U2& $ U2% & dt!%F2 & fn"
=m2. In the case U1% $ U2% $ 0, we get U1& $ U2& $
!F1 % F2"=!m1 &m2" which corresponds to the velocity of
the center of mass of the two particles.

5.2. Multicontact problem

In a multicontact system, the terms ban and bat in the off-
sets aan and aat depend on the forces and velocities at con-
tacts b–a; see Eqs. (28)–(31). Hence, the solution for
each contact depends on all other contacts of the system
and it must be determined simultaneously for all contacts.
We will refer to this problem as the global SC problem.

An intuitive and robust method to solve the global SC
problem is to search the solution as the limit of a sequence
ff an !k"; f at !k";uan!k";uat !k"g with a 2 (1;Nc). Let us assume
that the transient set of contact forces ff an !k"; f at !k"g at the
iteration step k is given. From this set, the offsetsFig. 7. Binary frontal collision between two particles.

Fig. 8. Four snapshots of the normal force network during iterative resolution of the global SC problem. Line thickness is proportional to the normal force.
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faan!k"; aat !k"g for all contacts can be calculated through the
relations (28) and (29). The local SC problem can then be
solved for each contact a for these values of the offsets,
yielding an updated set of contact forces ff an !k& 1";
f at !k& 1"g. This correction procedure is equivalent to the
solution of the following local SC problem:

Waa
nnf

a
n !k& 1" % aan!k" %Waa

nt f
a
t !k& 1"

$ %
$S f an !k& 1"; !39"

Waa
tt f

a
t !k& 1" % aat !k" %Waa

nt f
a
n !k& 1"

$ %
$C f at !k& 1": !40"

Remark that this force update procedure does not require
the contact velocities uan!k& 1";uat !k& 1"g to be calculated
as the offsets depend only on the contact forces. The set
ff an !k"; f at !k"g evolves with k by successive corrections and
it converges to a solution satisfying the transfer equations
and complementarity relations at all potential contacts of
the system. The iteration can be stopped when the set
ff an !k"; f at !k"g is stable with regard to the force update pro-
cedure within a prescribed precision criterion ef :

jf a!k& 1" % f a!k"j
f a!k& 1"

< ef 8a: !41"

Finally, from the converged contact forces, the particle
velocities f~Uig can be computed by means of the equations
of dynamics (14). The efficiency of this iterative scheme
depends on how the information (imposed boundary and
bulk forces or velocities) propagates through the system.
Clearly, the information propagates faster if the updated
contact force !f an !k& 1"; f at !k& 1"" at a contact a is used to
update also the values of the offsets !abn!k"; a

b
t !k"" at the

neighboring contacts b that will be treated next. This
sweeping of the contact network might be optimized to
some extent depending on the expected solution.

The iterative procedure depicted above provides a ro-
bust method which proves efficient in the context of gran-
ular dynamics. Note that the information is treated locally
and no large matrices are manipulated during iterations.
Fig. 8 shows several snapshots of the normal force network
in a packing of disks in the course of iterations. The left and
bottom walls are immobile while the top and right walls
are free to move and subjected to the same confining stress
p. The sample is dense and its time evolution is not of
interest here; we rather calculate the forces and velocities
by solving iteratively the global SC problem for this sys-
tem. In the time-stepping scheme this is equivalent to

the resolution of the problem over a single time step. The
initial values of the contact forces are set to zero, i.e.
f an !0" $ 0 and f at !0" $ 0 for all a. We see that the informa-
tion (boundary forces) propagates from the walls smoothly
throughout the system with increasing number of itera-
tions (130, 365, 1000 and 2000). If the iterations were
stopped before the full propagation of the information,
the solution would involve strong force gradients.

The evolution of the probability distribution function of
normal forces during iterations is shown in Fig. 9. When
normalized by the average normal force hfni at the con-
verged state, the distribution appears to increase in width
and it becomes stable beyond 1000 iterations but carries
the signature of the well-known exponential shape of
strong contact forces just after a few iterations. The num-
ber Ni of necessary iterations to converge is strongly
dependent on the precision ef but not on dt. Fig. 10 shows
Ni as a function of ef for a given global SC problem in a
packing of 2500 particles with initialization of the forces
to zero. We see that Ni diverges quite fast as ef is de-
creased. It should, however, be noted that the number of
iterations is substantially reduced when the iteration is ini-
tialized with a globally correct guess of the forces. This is
the case in an evolution problem where the forces at each
time step can be initialized with the forces computed at
the preceding step; see Section 6.

The number of iterations is partially controlled by the
special features of force distribution in granular media.
As a result of arching, the probability density function
P!fn" of normal forces shows no or weak central tendency.
A small peak is observed when the system is isotropic. But
in all cases the number of forces tends either to a finite va-
lue P!0" as fn ! 0 or diverges (Radjai et al., 1997b; Mueth
et al., 1998; Radjai et al., 1999; Antony, 2001; Silbert
et al., 2002; Kruyt, 2003; Metzger, 2004; Majmudar and
Behringer, 2005; Richefeu et al., 2006; Azéma et al.,
2007; Kruyt and Antony, 2007). Hence, a huge number of
contacts (nearly 60% in a weakly polydisperse packing)
carry small forces whereas the strong forces are less in
number but exponentially distributed. It is important to re-
mark that the weak forces cannot simply be neglected as
they play an organic role in the overall stability of the
assembly (Radjai et al., 1998). Due to the absence or weak-
ness of central tendency, an increasing number of weak
contacts should be resolved as ef is decreased, requiring
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fn / <fn>
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k

Fig. 9. Probability distribution function of normal forces at the four
iteration steps shown in Fig. 8. The arrow points in the direction of the
increasing number k of iterations.
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Fig. 10. The number of iterations Ni as a function of the precision
criterion ef in iterative resolution of the global SC problem when the
forces are initialized to zero.
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thus an increasingly larger number of iterations. In sum,
for a prescribed precision ef , the forces below ef hfni are
not correctly calculated. This provides a physical criterion
which may be employed to calibrate the required precision
in dealing with a specific problem.

A high precision over forces might be required when the
static equilibrium of a packing is studied. During a quasi-
static flow, a high precision is necessary in the investiga-
tion of transition between successive states separated by
small time intervals dt. The trajectory is all the more deter-
minist as the precision on forces, and hence on velocities,
is high. For longer evolutions, when some degree of ergo-
dicity may be assumed, it might be physically justified to
consider lower precision in each step at the level of the
resolution of the global SC problem. The choice of the
precision can be combined with a more or less large
time-step dt.

It should also be briefly mentioned that the uniqueness
of solution of the global SC problem in a multicontact sys-
tem is not proved. We have 3Np equations of dynamics and
2Nc complementarity relations. The unknowns of the prob-
lem are 3Np particle velocities and 2Nc contact forces. Since
there are equal numbers of unknowns and dynamic or con-
tact relations, and since the solution of the local SC prob-
lem is unique, the global solution could have been
unique, too. The point is that the 2Nc contact complemen-
tarity relations are not equations but inequations. Thus, the
extent of indeterminacy of the solution reflects all possible
combinations of contact forces accommodating the com-
plementarity relations.

In fact, the CD method provides a suitable framework to
study the indeterminacy of granular assemblies by search-
ing self-equilibrated solutions with external forces and
particle velocities set to zero in the expressions of aan and
aat ; Eqs. (28) and (29). For a given configuration of particles,
the standard SC problem can thus be solved by setting
external forces and particle velocities to zero and for an
ensemble ff an !0"; f at !0"g varied according to a statistical dis-
tribution. The ordering of the sequence of updated contacts
during the iterative procedure may also affect the solution.
It happens that for a generically disordered granular sys-
tem, self-equilibrated solutions can not be found unless
in small partially or totally ordered systems. This implies
that the CD treatment of a granular assembly involves
practically no indeterminacy. Thus, if slightly different
solutions are found according to the iteration method em-
ployed, they should be attributed to the lack of precision
below the convergence criterion ef , affecting mainly the
very weak contacts. The indeterminacy can be studied also
analytically by considering the null space of the contact
matrix H (Radjai et al., 1996a; McNamara et al., 2005).
The degree of indeterminacy may be high, but it does not
imply significant force variability since the solutions are
restrained by the complementarity relations. This is also
consistent with a common observation in CD simulations
that the force fluctuations, when they occur, are basically
of impulsive nature and not spurious effects that could
be attributed to the presence of scale-free self-stresses.

Finally, a few words about the role of the restitution
coefficient en is useful. In a binary collision, the contact
opening is fully controlled by en as in the simple example

discussed in Section 5.1. The situation is different in a mul-
ticontact system where a contact can open even if u%

n $ 0.
In other words, contact opening is governed by the multi-
contact dynamics and not only by the local restitution. In
contrast, contact closing, i.e. the creation of a persistent
contact, depends only on the local restitution coefficient.
This is because, according to Eq. (7), with en > 0 the condi-
tions u&

n $ 0 and u%
n < 0 imply un < 0 which contradicts

Signorini’s conditions. Hence, in the CD method a collision
between two particles leads to the creation of a persistent
contact only if en $ 0.

The problem of multiple shocks is a complex issue that
should be treated at very small time scales of elastic waves,
and this is out of the scope of the contact dynamics model
which was designed to find mechanically admissible solu-
tions of multicontact dynamics at much larger time scales.
Experimental observation, however, suggests that in a
multicontact system multiple shocks may occur and dissi-
pate the whole kinetic energy at very short times so that
the effective restitution coefficient should indeed be set to
zero (Luding et al., 1994a,b; Dippel et al., 1996; Cruz
et al., 2005). This effect is the reminiscence of inelastic col-
lapse (McNamara and Young, 1992). When the time incre-
ment dt is large enough compared to the characteristic
time of successive collisions, the choice en $ 0 is relevant.
In dense systems, this choice allows for the opening and
closing of contacts due to multicontact dynamics. In a
loose assembly, the time scales are different and the effec-
tive restitution coefficient might be nonzero for coarse-
grained dynamics.

It should also be mentioned that the restitution coeffi-
cients en and et in binary collisions are not pure material
parameters but depend on the surface geometry and im-
pact velocity (Lun and Savage, 1986; Kuwabara and Kono,
1987; Smith and Liu, 1992; Foerster et al., 1994; Labous
et al., 1997; Luding, 1998; Brilliantov et al., 2004, 2007).
There is no fundamental difficulty in taking such effects
into account in a CD algorithm. This is also true for the
coefficient of friction l which may depend on the sliding
velocity. It should, however, be remarked again that the
manifestation of physical effects of this kind is different
under multicontact conditions with respect to binary
interactions.

6. Time-stepping scheme

The global SC problem may well occur as an event at
particular instances of a granular flow. The iterative resolu-
tion method presented above can then be applied to calcu-
late the contact forces and particle velocities at those
instances. Hence, the global SC problem may be embedded
in an event-driven algorithm which can be a useful ap-
proach in certain circumstances. The global SC problem
may also be considered for the estimation of the stability
of a static assembly of particles. In the CD method, the glo-
bal SC problem is associated with a time-stepping scheme.

In order to set up this scheme, we need to come back to
the contact laws and remark that the first condition of the
Signorini relation in (3) is the only condition referring
to space coordinates. Actually, the SC problem was
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formulated at the velocity level for both dynamics and con-
tact laws, and the first Signorini condition was accounted
for by assuming that only the potential contacts, where
dn 6 0, were involved in the SC problem. In other words,
the contact network is defined explicitly from particle
positions in a SC problem and it will no more evolve during
the coarse-graining time interval dt.

Another important feature of the global SC problem is
the prospective character of the treatment expressed by
the second condition of a complete contact law (5). This
means that the right-limit velocities are calculated such
that the complementarity relations will not be violated
by the subsequent motion of the particles. This condition
is achieved through an appropriate definition of the mean
velocities un and ut in Eqs. (7) and (10) entering the com-
plementarity relations. In other words, the treatment is
fully implicit and the right-limit velocities f~Ui&;xi&g may
be used to increment particle positions.

The above two remarks devise the following time-step-
ping scheme. Let t and t & dt be the considered time inter-
val. The configuration f~ri!t"g and particle velocities
f~Ui!t";xi!t"g are given at time t. The latter play the role
of left-limit velocities f~Ui%;xi%g in the global SC problem.
The contact network fa;~na;~tag is set up from the configu-
ration at time t or from an intermediate configuration
f~rimg defined by

~rim +~ri!t" & dt
2
~Ui!t": !42"

When this configuration is used for contact detection,
other space-dependent quantities such as the inverse mass
parameters Waa

k1k2
and external forces ~Ui

ext should consis-
tently be defined for the same configuration and at the
same time t & dt=2.

Then, the global SC problem is solved iteratively over
the contact network and the right-limit particle velocities
f~Ui&;xi&g are calculated. The latter correspond to the
velocities at the end of the time step t & dt:

~Ui!t & dt" $ ~Ui&; !43"
xi!t & dt" $ xi&: !44"

Finally, the positions are updated by integrating the up-
dated velocities:

~ri!t & dt" $~rim & dt
2
~Ui!t & dt"; !45"

hi!t & dt" $ him & dt
2
xi!t & dt": !46"

This scheme is unconditionally stable due to the impli-
cit discretization. Hence, no damping parameters at any le-
vel are needed. For this reason, the time step dt can be
large. The real limit imposed on the time step is the occur-
rence of cumulative numerical errors leading to undesired
excess overlaps between the particles. Of course, such
overlaps have no dynamic significance in the CD method,
but they falsify the geometry and thus the evolution of
the system. By construction, if there are initially no over-
laps between the particles, the contact dynamics ensures
that no overlaps will occur in the course of evolution. But
the particle positions are secondary in the CD method

and they are updated from the integration of the velocities.
Even for a high precision ef , the calculated velocities and
contact forces by solving the SC problem involve some
numerical imprecision that may lead to excessive overlaps
at a number of contacts in the long run. Hence, to avoid
such effects, one requires both a sufficiently high precision
and rather small time steps. In high-quality simulations of
shear flow with ’ 104 particles, the typical value of the
time step is ’ 10%4 s. This value is by several orders of
magnitude larger than the usual values of the time step
in MD simulations. It should also be borne in mind that
the time step dt is not a precision criterion for the evolu-
tion problem in the CD method. The precision is mainly
controlled by ef . The time step should rather be considered
as a coarse-graining parameter for nonsmooth dynamics. It
should be reduced if the impulse dynamics at small time
scales is of interest.

An important feature of granular dynamics is the occur-
rence of highly nonlinear and subtle transitions at small
time scales. These short-time phenomena include sharp
impulsive transitions, collective rearrangements and fric-
tional interlocking. As a result, the dynamics over succes-
sive time steps needs variable treatment. For a rather
smooth evolution less effort should be consumed than
when a major rearrangement event takes place. In the CD
simulations, the number of iterations represents the re-
quired effort at each step. For the same level of precision,
the number of iterations varies considerably in the course
of time stepping. One example is shown in Fig. 11. It can be
checked that, if the initializing forces at each step are re-
trieved from the last step, the number of iterations is cor-
related with dynamic events. Hence, in the CD method
subtle rearrangement events are always calculated with
the required high precision. In some cases, a maximum
number of iterations may be imposed in order to increase
efficiency, but this is equivalent to reducing precision
when a larger number of iterations are necessary. More-
over, incomplete relaxation leads to wave-like perturba-
tions in time evolution (Unger et al., 2002).

7. Concluding remarks

In this paper, the basics of the CD (contact dynamics)
method for discrete element simulation of granular

0 200 400
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N
i

Fig. 11. The number of iterations Ni as a function of time step during a
shear flow. The imposed minimum and maximum numbers of iterations
are marked by dashed lines.
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materials were presented. This method can be viewed as
the algorithmic formulation of nonsmooth granular
dynamics at the scale of particle rearrangements where
small elastic response times and displacements are ne-
glected. Two major issues arising in this context are trea-
ted in the framework of the CD method: (1) The contact
laws expressed as complementarity relations between
the contact forces and velocities and (2) The nonsmooth
motion involving velocity jumps with impulsive unre-
solved forces as well as smooth motion with well-resolved
static forces. A consistent description of the dynamics at
the velocity level leads naturally to an implicit time-step-
ping scheme together with an explicit treatment of the
evolution of the contact network. Most concepts developed
in this formulation are rather intuitive although they rely
on a sound mathematical background of nonsmooth
dynamics and convex analysis.

The focus of this paper was on the intuitive features of
the CD method with respect to subtle collective phenom-
ena involved in the multicontact dynamics of granular
media. In particular, we discussed the role of the coarse-
graining time dt, the precision issue in the iterative proce-
dure for the resolution of the global SC (Signorini-Cou-
lomb) problem with respect to force distributions, and
the relevance of the coefficients of restitution en and et
and their interpretation in a multicontact system. The CD
method is characterized by its unique feature of bringing
together in the same formalism two limit regimes of gran-
ular dynamics: (1) collisional regime governed by binary
shocks and incomplete energy restitution and (2) static re-
gime governed by multiple contacts, geometrical disorder,
force balance and dynamic rearrangements. Hence, this
method provides a suitable framework for the investiga-
tion of dense granular flows where smooth evolutions are
intermingled with sharp transitions.

The CD method can also be considered as an adequate
framework for the numerical treatment of frictional con-
tact problems. Indeed, the Coulomb friction and perfectly
rigid contact condition are implemented in an exact form,
i.e. without introducing artificial penalization parameters
or damping. Given a contact network, all kinematic con-
straints implied by contact laws are simultaneously taken
into account together with the equations of dynamics in
order to determine the velocities and contact forces in
the system. This global SC problem is solved by an iterative
process pertaining to the Gauss-Seidel iterative method
that consists of solving a single SC problem at each contact,
and successively and iteratively updating the forces until a
convergence criterion is fulfilled (Jeffreys and Jeffreys,
1988). The method is thus capable of dealing properly with
the nonlocal character of the momentum transfers result-
ing from the impenetrability of the particles. It can be em-
ployed to study stiff systems for which smooth MD-like
methods require small time steps for numerical stability
and the stiffness matrix may become ill-conditioned as
the contact network evolves.

The CD method is unconditionally stable due to its
inherent implicit time integration scheme. The uniqueness
of the solution at each time step is not guaranteed for per-
fectly rigid particles. However, the variability of admissible
solutions is generally below numerical precision. The vari-

ability resulting from numerical precision can be reduced
and the calculations significantly accelerated by initializing
the iterative procedure at each step with the forces com-
puted in the preceding step.

The basic algorithm presented in this paper can be (and
has been) extended to deal with richer contact laws, vari-
ous particle shapes and more efficient resolution of the
global SC problem in 2D and 3D. Several variants of the
time-stepping scheme can be found in Jean (2001) and a
parallelization strategy in Renouf et al. (2004). The contact
laws can be supplemented with a complementarity rela-
tion between a torque and a contact spin variable (Bratberg
et al., 2002). Using such a complementarity relation, the
rolling friction is easily implemented in this framework.
Adhesion forces can be introduced by a simple shift of
the complementarity relations:

un $
S fn % f an ; !47"

ut $
C ft ; !48"

where f an is the adhesion threshold. Particle deformability
can also be treated in the CD method by associating strain
variables to the particles rather than to the contacts. The
strains can be defined either from rigid-body degrees of
freedom, as in the MD method, or associated with new
internal degrees of freedom. Concerning particle shapes,
it is a generic feature of the CD method that, in contrast
to force laws, the nature of the contact complementarity
relations does not depend on the particle shape. Hence,
the solverwhich takes in charge the resolution of the global
SC problem is independent of the particle shape. The po-
tential face-face or face-edge contacts are represented by
three or two points which are treated as independent point
contacts by the solver (Saussine et al., 2006; Azéma et al.,
2009). The basics of the method are the same in 2D
and 3D. The only difference lies in the treatment of the
tangential force whose direction is an unknown of the SC
problem and is determined in the course of the iterative
procedure.

A particular attention should be paid to the origin of the
contact forces in the CD method. An example is the uniax-
ial compression of a dense granular material by imposing a
constant velocity on a wall. In the MD simulation of this
problem, the displacement of the wall causes mainly the
elastic deformation of the particles and the contact forces
increase accordingly. In the CD simulation of the same
problem, since the contact laws involve no force scale
and no static boundary or bulk force are applied, the force
scale is fixed by the imposed velocity through the impul-
sive terms in Eqs. (28) and (29). Since no rearrangements
can occur due to a too high density, the corresponding ki-
netic energy is not dissipated. This energy increases adia-
batically, the contact forces increase proportionally to the
displacement and the particles interpenetrate. In contrast,
if the uniaxial compression is controlled by an increasing
boundary force, the contact forces increase in proportion
to the applied force as in MD simulations, and, in the ab-
sence of particle rearrangements, the contact reaction
forces balance exactly the driving force so that the packing
stays indefinitely in static equilibrium. In the MD ap-
proach, the static forces are fully encoded in the particle
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positions with a scale given by the stiffness. In the CD ap-
proach, there is no such force scale and thus the static force
scale should be defined externally.

Finally, a future work on the coarse-grained granular
dynamics might help to get more insight into the dissipa-
tive and impulsive phenomena that are modeled by their
average effects in the CD method. The suggestion is to ap-
ply the same methodology as in Radjai and Roux (2002) in
order to evaluate the influence of time resolution. One can
first perform a standard MD simulation of a shear flow,
then take averages over the dynamics for a given integra-
tion time dt and finally compare this coarse-grained
dynamics with CD simulations of the same flow with a
time step dt. Repeating this procedure for several values
of dt, will allow us to appreciate the CD method and com-
pare it in a meaningful way with the MD method.
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The correlation between contact forces and the texture of a packing of rigid particles subject
to biaxial compression is analyzed by means of numerical simulations. Four different aspects are
investigated: stress tensor, dissipation due to friction, angular distribution of forces, and fabric
tensor characterizing the anisotropy of the texture. All of them provide evidence that the contact
network can be decomposed unambiguously into two subnetworks with complementary mechanical
properties. [S0031-9007(97)04916-8]

PACS numbers: 46.10.+z, 83.70.Fn

The plasticity of a packing of rigid spheres is maybe
the simplest example in which the dynamics is dominated
by topological constraints: Forces are transmitted only
through the interparticle contacts. This leads to strong in-
homogeneities of the forces [1–4]. Moreover, an initially
isotropic packing develops an anisotropic contact net-
work under shear, because new contacts are formed along
the major principal axis of the strain-rate tensor, while
some are lost perpendicular to it [5–7]. This geometri-
cal anisotropy leads in turn to a mechanical anisotropy of
the contact forces. Both the geometrical and the mechani-
cal anisotropy enter the expression of the stress tensor and
are thus essential for the resistance of a granular medium
to shear [8,9].
In this Letter, we analyze the transmission of stress in a

two-dimensional dense packing of rigid spheres by taking
for the first time both the inhomogeneity of the forces
and the anisotropy of the texture into account. It will be
shown that the forces belong to two distinct classes which
contribute differently to anisotropy, stress, and dissipation.
This bimodal character of the force network is quite natu-
rally suggested by the observation of the “buckling” of
strong force chains supported by weak lateral forces during
shear [10]. The results presented in this Letter provide an
unambiguous demonstration of this intuitive picture for all
the aspects considered.
The main idea of our analysis is to evaluate internal

variables such as the geometrical anisotropy for subsets of
contacts with a given absolute value of the force. Thereby
important aspects of the inhomogeneity of the system can
be taken into account. For example, the contribution of
contact chains with strong forces may be evaluated sepa-
rately from the rest of the packing. This is, however, not
practical because of the bad statistics of contacts within
a small force interval. Instead, we consider the subset
of contacts which carry a force lower than a given cutoff
j. We shall refer to this subset as the “j-network.” The
variation of a quantity evaluated for the j-network as j is
varied from 0 to the maximal force in the system allows us
then to estimate its correlation with the contact force.

For the numerical simulations, we used the relatively
new method of contact dynamics. This method allows us
to integrate the equations of motion for multicontact sys-
tems composed of rigid bodies with Coulombian friction.
The method tackles the nonsmooth character of the inter-
actions with no resort to regularization schemes often used
in numerical algorithms for granular systems. An account
of the mathematical basis and the discretization procedure
of this approach can be found in [11].
The simulation was carried out for a two-dimensional

system with 4012 circular particles contained in a frame of
four rigid walls. The radii were uniformly distributed be-
tween 3.8 and 7.5 mm. The particle-particle and particle-
wall coefficients of friction were 0.5 and zero, respectively.
No gravity acted on the particles. The sample was biaxi-
ally compressed (see Fig. 1) by imposing a constant ve-
locity of 1 cm!s on the upper wall. The left wall was free
to move under a horizontal confining force of 500 N. The
initial sample was prepared with an isotropic contact net-
work. As a consequence of compression the amplitude
of anisotropy and the stress ratio Q ! "s1 2 s2#!"s1 1
s2# increased, where s1 and s2 are the principal values of
the stress tensor. We investigate below several quantities
as a function of j at Q ! 0.18.
The texture is characterized by the probability density

E"u, j# of finding a contact with direction u in the j-
network. In general the first deviatoric component in the
Fourier expansion of E provides an adequate measure of
geometrical anisotropy [12]:

E"u, j# $
1

2p
%1 1 Ac"j# cos 2&u 2 uc"j#'( . (1)

The parameter Ac defines the amplitude of anisotropy, and
uc is its principal direction. For the calculation of these
parameters from the numerical data, it is convenient to use
the “fabric tensor” defined byfij ! )ninj*, where ni is the
i component of the unit vector along the contact direction
and the average is taken over all contacts in the j-network.
Using (1) to evaluate the average of ninj , it is easy to see
that f1 2 f2 ! Ac!2, where f1 and f2 ! 1 2 f1 are
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FIG. 1. Velocity field in the center-of-mass frame during the
biaxial compression.

the eigenvalues of the fabric tensor. uc and uc 1 p!2 are
the directions of the corresponding eigenvectors.
We found that the principal directions of the fabric

tensor in the j-network coincide with those of the strain-
rate tensor irrespective of the value of j. Therefore
we set uc"j# ! uc"`# ! 0, i.e., the direction of the axis
of compression in (1). Then a positive Ac indicates
that the direction of anisotropy is parallel to the axis of
compression, whereas a negative Ac corresponds to the
orthogonal direction. Figure 2 shows the amplitude of
geometrical anisotropy Ac in the j-network as a function
of j. For large j it approaches the geometrical anisotropy

FIG. 2. Amplitude of geometrical anisotropy Ac in the j-
network as a function of j normalized with respect to the
average force )F*; see text. The inset shows the polar diagrams
of the probability density E of contact directions for “weak”
contacts (F , )F*) and for “strong” contacts (F . )F*).

of the whole system. The anisotropy of the network
complementary to the j-network is given by Ac"`# 2
Ac"j# and can be obtained from Fig. 2.
Surprisingly, the direction of anisotropy is orthogonal to

the axis of compression (Ac , 0) for weak forces (small
j). The anisotropy becomes more pronounced as j in-
creases, and reaches a maximum for j ! )F*, where )F*
is the average force in the system. When j is increased
beyond )F*, Ac becomes less negative and finally changes
sign. This shows that contacts which carry a force larger
than the average force (“strong contacts”) are preferen-
tially oriented parallel to the axis of compression. Al-
though these are less than 40% of all contacts, their positive
contribution to Ac overcompensates the negative contribu-
tion of the contacts with a force lower than the average
force (“weak contacts”). This means that the strong net-
work (composed of strong contacts) is more anisotropic
than the weak network (composed of weak contacts), as
shown in the inset of Fig. 2.
The orthogonal anisotropy of the weak network cannot

be simply understood as a result of the process of loss and
gain of contacts induced by the deformation. The latter
predicts only a positive anisotropy, i.e., parallel to the axis
of compression. Our result, Fig. 2, proves that a sheared
granular packing is not only inhomogeneous with respect
to the forces, but also with respect to the geometrical
anisotropy, and that these inhomogeneities are correlated.
A similar analysis can now be applied to investigate

the mechanical anisotropy of the average normal force
Fn"u, j# and the average friction force Ft"u, j# as a
function of the contact direction. As for E, a second order
Fourier expansion provides an adequate representation:

Fn"u, j# ! ")F*!2p# %1 1 An"j# cos 2&u 2 uf"j#'( ,

Ft"u, j# ! ")F*!2p#At"j# sin 2&u 2 uf "j#' ,
(2)

where An and At are the magnitudes of mechanical
anisotropy. The analytical form of Ft results from the
fact that the spherical component of Ft is zero due to
static equilibrium and its principle axes are rotated to
those of Fn by an angle of p!4. Again we found that the
principal directions are independent of j, so that we shall
set uf ! 0 in the following.
For the calculation of An and At we introduce two ten-

sors x
"n#
ij ! "1!)F*# )Fnninj* and x

"t#
ij ! "1!)F*# )Fttinj*,

where ti is the i component of the unit vector t orthogo-
nal to n and such that "n, t# preserves the same parity for
all contacts. It can then be shown that "x "n#

1 2 x
"n#
2 #!

"x "n#
1 1 x

"n#
2 # ! "1!2# "Ac 1 An# and "x1 2 x2#!"x1 1

x2# ! "1!2# "Ac 1 An 1 At#, where x
"n#
1 and x

"n#
2 are the

principal values of x "n# and x1 and x2 are those of x !
x "n# 1 x "t#. In Fig. 3, An and At in the j-network are
plotted as a function of j. The two parameters remain
positive, i.e., the mechanical anisotropy is always oriented
along the axis of compression. However, the contribution
of normal forces to the total anisotropy begins to increase
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FIG. 3. Amplitudes of mechanical anisotropy An and At in the
j-network as a function of j!)F*.

significantly only after j ! )F*, where both An and At
have an inflection point.
The physical importance of mechanical anisotropy be-

comes clear when it is considered in connection with the
stress tensor. The stress tensor s for a granular system in
a quasistatic state is given by [13]

sij ! r)Fidj* , (3)

where r is the number of contacts per unit volume,Fi is the
i component of the contact force F ! Fnn 1 Ftt, and dj
is the j component of the intercenter vector joining the cen-
ters of two particles in contact. For spherical particles, we
have d ! dn. Neglecting the weak correlation between
d and F, we get sij ! r)d* )Finj*. Now, introducing the
two components of F into this expression and comparing
with the expression of x , we see that s ! r)d* )F*x , and
accordingly [8]

Q"j# !
1
2

&Ac"j# 1 An"j# 1 At"j#' . (4)

In Fig. 4, both the stress ratio Q and the sum "1!2# "Ac 1
An 1 At# are displayed as a function of j. We see that
Eq. (4) holds for all j with very weak deviations due to a
weak correlation between d and F.
Figure 4 reveals an unexpected property of the stress

tensor: the shear stress Q for all forces lower than the
average force is negligibly small compared to the total
deviatoric load Q"`# sustained by the system. Those
forces contribute only 28% of the average pressure "s1 1
s2#!2 in the medium. This means that the weak network
behaves essentially like an interstitial liquid, whereas the
strong forces carry the whole deviatoric load and in this
respect behave like a solid. Furthermore, Eq. (4) shows
that this property is related to a compensation between the
negative anisotropy of fabric and the positive anisotropy
of forces, so that Ac 1 An 1 At + 0 for forces lower
than the average.
Another aspect of stress transmission in a granular pack-

ing is the appearance of chainlike structures of relatively
strong forces. This observation is suggestive of long-range

FIG. 4. Stress ratio Q and the sum 0.5"Ac 1 An 1 At# in
the j-network as a function of j!)F*. The inset shows the
eigenvalues and the directions of the stress tensor for weak
(F , )F*) and strong (F . )F*) contacts. The orientation of
the weak tensor is irrelevant since its deviatoric component is
nearly zero.

correlations over a scale far larger than the particle size.
In our numerical experiments, we can check these corre-
lations as a function of j in the complementary network
to the j-network. At large values of j, say j . 2)F*,
strong contacts are distributed in the form of relatively iso-
lated clusters. As j is decreased, these clusters grow [see
Fig. 5(a)] and finally at j ! )F* there is directed percola-
tion along the axis of compression [Fig. 5(b)]. The fact
that the whole deviatoric load is supported by a percolat-
ing network of strong chains makes it plausible that buck-
ling of the directed chains under the action of compression
occurs. Their stability then requires lateral forces in the
complementary network. This is the origin of a negative
geometrical anisotropy in the weak network. This mecha-
nism goes with a peculiar scheme of the “mobilization”
of friction, defined by the ratio h ! jFt j!Fn. Figure 6
shows the proportion of sliding contacts to the total num-
ber of contacts in the j-network as a function of j.
At sliding contacts the friction force takes its maximum
mobilized value, h ! m, where m is the coefficient of
friction. At nonsliding contacts, particles roll over one
another and h , m [14]. Almost 8% of contacts are slid-
ing in the whole volume of the system at Q ! 0.18, and
Fig. 6 shows that 96% of them are in the weak network for
j ! )F*. In other words, almost the whole dissipation by
friction occurs at contacts bearing a force lower than the
average force. Almost all contacts with a force larger than
the average, corresponding to the buckling chains, are thus
nonsliding.
In all the cases briefly discussed above, the average force

appears as a characteristic force separating two comple-
mentary networks: a “load-bearing” percolating network of
contacts carrying a force larger than the average force, and
a “dissipative” network of contacts carrying a force smaller
than the average force. The load-bearing network carries
the whole deviatoric load, while the dissipative subnetwork
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FIG. 5. The forces F for (a) F . 1.3)F* and (b) F . )F*,
where )F* is the average force, in the upper halves of the
sample. The line thickness is proportional to the force.

contributes only to the average pressure. All contacts
within the load-bearing network are nonsliding, whereas
nearly the whole dissipation due to sliding takes place in-
side the dissipative network. The load-bearing subnetwork
carries a direct geometrical anisotropy induced by shear,
but it gives rise via buckling to an indirect anisotropy inside
the dissipative network with a preferred direction orthogo-
nal to the major principal direction of the stress tensor.
For all the variables studied here, this distinction be-

tween the two networks disappears in the particular case
where the shear stress is zero. But it still holds for the sta-
tistical distribution PF of forces. PF is a power law with a
weak negative exponent for forces lower than the average
force, and an exponentially decreasing function for forces
larger than the average [3]. The same behavior is observed
in 3D systems as well [15].
The central message is that the inhomogeneous distribu-

tion of forces on the particle scale does not average out at
the macroscopic level. It induces a bimodal behavior for
the macroscopic variables of interest. More particularly,
we find that a more precise description of stress transmis-
sion in a dry granular packing requires two stress tensors

FIG. 6. Proportion rs of sliding contacts to the total number
of contacts in the j-network as a function of j!)F*.

corresponding to two complementary phases. This prop-
erty of a quasistatic granular medium is in contrast to both
liquids and solids.
It is a great pleasure to acknowledge many stimulating

discussions with S. Roux and L. Brendel.
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