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1 Introduction

An impact law specifies a post-impact contact velocity as a function of the pre-impact contact velocity.
The impact law has to respect the kinematic constraints, i.e. the post-impact contact velocities have to
be non-negative. In addition, the supposition of perfect constraints induces a kinetic constraint on the
contact impulses. Lastly, we may require that the impact law is dissipative. Under these three restrictions
one obtains a set of physically admissible impact laws. The current paper is concerned with an adequate
parametrization of this set which singles out a particular impact law. First we discuss the parametrization
of impact laws on regular points of the configuration manifold, which are generated by finite number of
constraint inequalities, and subsequently we address impact laws for irregular points.

2 The topology of impact laws

Let Λ1, · · · , Λh be contact impulses of the closed contacts g1, · · · , gh. With γ±1 , · · · , γ±h we denote the
pre-/post-impact contact velocities of the closed contacts. The distribution of the contact impulses
is described by the topology α ∈ Rh with the constraints α ≥ 0, α1 + · · · + αh = 1. The contact
work WC := 1

2Λ1(γ+
1 + γ−1 ) + · · · + 1

2Λh(γ+
h + γ−h ) is the work done by the contact impulses during

the collision which is non-positive for dissipative impact laws [1]. The post-impact contact velocities
γ+ =

(
γ+
1 , . . . , γ+

h

)> can be expressed in the pre-impact contact velocities, the topology and contact
work:

γ+(γ−, α,WC) = γ− +
(√

(α>γ−)2 + 2WCα>Gα−α>γ−
)

Gα

α>Gα
,

where G ∈ Rh,h is the Delassus operator [2]. Hence, each impact law can be parameterized by its topology
α together with the contact work WC .

For single collisions, h = 1, the topology α = 1 is trivial and the impact law simplifies to

γ+
1 (γ−1 ,WC) =

√
(γ−1 )2 + 2WC‖∇g1‖2,

which is only dependent on the parameter WC . This motivates the introduction of a so-called induced
contact which condenses the collision on the h contacts to an equivalent single collision. The induced
contact is a convex combination g := α> (g1, · · · , gh)>, where the topology α defines the participation
factors. With this definition, the impact law for multicontact collisions can be written in terms of the
pre-/post contact velocities γ± = α>γ±

γ+(γ−, α,WC) =
√

(γ−)2 + 2WC‖∇g‖2,

1



Figure 1: Examples of induced single collisions.

where ∇g := α1∇g1 + · · ·+ αh∇gh. In figure 1a, an induced contact in a multicontact collision problem
is depicted. An induced contact of a regular point is characterized by the fact that admissible virtual
displacements are also admissible with respect to the induced contact.

3 Impacts on irregular points

We consider collisions on points q of the embedded configuration manifold C(t) on which the boundary
is not finitely generated, i.e. cannot be described by a finite number of contacts gi. Examples of such
irregular points are reentrant corners [3] and kinks in the manifold [4]. In figure 1b, the position q of a
system is in the kink of the configuration manifold C(t). The impact law can be considered as a single
collision at the induced contact g which has to be kinematically admissible to the pre-impact velocity u−.
The post-impact velocity u+ has to be an element of the set of kinematically admissible post-impact
velocities P+

C (t,q).

The concept of the induced single collision is generalized to formulate an impact law on irregular points.
Essentially, the formulation of the impact law for an irregular point is reduced to the determination of
the corresponding induced contact.

The impact law on such an irregular point will result in a scattering of the post-impact velocities. Future
research will focus on the mathematical description of the scattering process with Hamilton-Jacobi theory.
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