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In this paper, we compare two common formulations of the equations of motion of multibody systems; the prox formulation
and the complementarity formulation. We show through a set-based argument that the formulations are equivalent and
then provide simple examples to compare iterates of the two approaches. The prox formulation is solved by fixed-point
iteration while the complementarity formulation is solved by a pivoting scheme. The well-known paradox of Painlevé is
used in a case where two solutions exist to illustrate that the fixed-point scheme will diverge for a half space of initial
guesses or converge to one of the two solutions when starting in the other half space. This shows that in some cases when
a solution exists the fixed-point scheme will fail while the pivoting scheme will succeed.

1 Introduction

The equations of motion of a system of bodies with bilateral and unilateral contacts are given by:

q̇ = Y (q)u , (1)
M (q) u̇ = h (q,u, t) +W (q)λ , (2)

(q,u,λ, t) ∈ N . (3)

The symmetric and positive definite mass matrix M , the linear relation matrix Y and the direction matrix of set-valued
contact reactions W depend on the position q of the system. The weak time derivative of the velocity u is given by u̇.
The vector h contains all smooth external, internal and gyroscopic forces, which are functions of q, u and explicitly of
the time t. It also includes reaction forces that can be expressed as known functions of state, e.g. compliant contacts. The
values summarized in λ refer to contact reaction values. The setN restricts the possible values of time and the dependent
variables such that bodies do not interpenetrate and that friction forces maximize power dissipation at sliding contacts.

How should the constraints N be represented? We show rather directly from the set definitions that the formulations
in the following sections are mathematically equivalent. Examples demonstrate that numerically the formulations differ
significantly and that there are still open questions and improvement possibilities.

2 Complementarity Formulation

Self-evident from the mechanical point of view are complementarity formulations. A contact that is always closed imposes
a bilateral constraint of the form:

BC := {(gB , λB) ∈ IR× IR | gB = 0} (4)

where gB denotes the normal distance between the interacting bodies at the contact point.

Unilateral contacts can form and detach intermittently. Such behavior is represented by SIGNORINI-FICHERA-conditions:

UC := {(gU , λU ) ∈ IR× IR | 0 ≤ gU ⊥ λU ≥ 0 } (5)

where gU denotes the normal distance and symbol ⊥ implies orthogonality (i.e gUλU = 0).

For both bi- and unilateral constraints, dry friction can be considered. In order to establish COULOMB’s law, the force of
a single contact is decomposed in a positive component λN ∈ {λB , λU} normal to the contact plane and in case of three
dimensional dynamics tangential components λT in the friction directions. COULOMB’s friction law is given as follows:

TC (λN ) := { (ġT ,λT ) ∈ IR2 × IR2 | ġT = 0⇒ ‖λT ‖ ≤ µ|λN | , ġT 6= 0⇒ λT = − ġT
‖ġT ‖

µ|λN | } (6)

where µ > 0 is the coefficient of friction.

The numerical solver has to test pivots until a solution is found. In the worst case, this task has an exponential complexity
in the input size. However, the average time required is approximately cubic.



3 Formulation with prox Function

Define the proximal point to a convex set, C ⊂ IRn, n ∈ IN, as follows:

proxC(x) = arg min
x∗∈C

‖x− x∗‖ , x ∈ IRn. (7)

Then, the contact conditions can be formulated as:

BP := { (gB , λB) ∈ IR× IR | fB (λB , gB) := λB − proxCB
(λB − r gB) = 0 } , (8a)

UP := { (gU , λU ) ∈ IR× IR | fU (λU , gU ) := λU − proxCU
(λU − r gU ) = 0 } , (8b)

TP (λN ) := { (ġT ,λT ) ∈ IR2 × IR2 | fT (λT , ġT ) := λT − proxCT (λN )(λT − r ġT ) = 0 } (8c)

where the corresponding convex sets are specified by:

CB = IR , CU = {x ∈ IR | x ≥ 0} , CT (y) = {x ∈ IR2 | ‖x‖ ≤ µ |y|} (9)

with y ∈ IR. The independent auxiliary parameter r ∈ IR+ for each contact is arbitrary from the mathematical viewpoint
but not from the numerical. A solution can be obtained by nonsmooth Newton methods or fixed-point iteration schemes.

4 Examples

In this section, we provide several examples that serve to illustrate the connections between the LCP and prox formulations
graphically and numerically.

4.1 Point mass on frictional plane

One finds that the simultaneous solution of the fixed-point equations

λU = proxCU
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λT = proxCT (λU )
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yields the contact force and finally the acceleration of a particle on a frictional plane. With the theory of contractions,
the analysis suggests that solving multibody dynamics time-stepping subproblems by fixed-point iteration of the prox
formulation requires one to be careful about the choice of the parameter r. At this point, a range of r is given for the point
mass example but it is not clear how to choose r to guarantee convergence for general problems.

4.2 Painlevé’s paradox

Painlevé’s paradox refers to problems in multibody dynamics in which the solution of the instantaneous dynamics is not
unique. One such “paradox” arises in the planar case of a rigid object translating in contact with a rigid horizontal surface.
For an initally sliding contact point, the prox formulation can be written as a single scalar fixed-point problem for the
unilateral constraint:

λU − proxCU
(λU − r g̈U ) = 0. (12)

The number of solutions of the acceleration-level formulation depends on the values of the mass, moment of inertia,
coefficient of friction, and the angle and distance from the contact point to the center of mass of the object. From the point
of view of solution existence, the prox formulation completely agrees with complementarity theory. A difference appears
when attempting to find a solution via the fixed-point iteration scheme. First, we examine a case with two solutions. For
any initial guess λ0

U less than the second solution (λ∗U )2, the iterates will converge to the first solution (λ∗U )1. Iterations
beginning with λ0

U > (λ∗U )2 will diverge. While a pivoting algorithm solving the LCP formulation could terminate at
either solution (or be modified to find both), the fixed-point scheme will only find (λ∗U )1. Second, we analyse a case with
no solution. Fixed-point iterations are divergent from any starting guess. Thus, one sees that a pivoting method is superior
in that it will be able to recognize the case of solution non-existence. Whereas, the fixed-point scheme will not be able to
determine if divergence is due to a poor initial guess or solution non-existence.
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