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The numerical solution of dynamic contact problems requires special care to be
taken when developing discretization and solution methods. More precisely, the
nonsmooth effects at the contact interface have to be dealt with in a stable as
well as efficient way by both, discretization and solution methods. In this talk,
we present and discuss a combination of locally impact resolving implicit time
discretization schemes and space adaptive finite element discretizations with
highly efficient parallel solution methods for the arising nonsmooth minimization
problems to be solved in each time step.

Nonsmooth effects in time dependent contact problems usually have two
main causes: the non-penetration condition at the interface as well as the fric-
tion law. Unfortunately, the straight-forward application of many well estab-
lished discretization and solution schemes often introduces unwanted side-effects
as artificial oscillations or a reduction of the approximation quality. Here, we try
to respond to these challenges by developing a consistent and well harmonized
simulation method, which does not only take care of the non-smooth effects on
the side of the temporal and spatial discretization, but also uses inherently non-
smooth and parallel solution methods, thus preserving the structural properties
of the discrete non-smooth system during the solution process.

Since up to now no existence results for the hyperbolic system of dynamic
contact problems with and without friction are available [EJK05], the quality of
temporal discretization schemes is usually measured along structural indicators
as the conservation of energy and momentum or the stability of the stresses
and velocities at the contact interface. Considerable efforts have been spent
in creating time integration schemes which show a preferable behavior with
respect to one or more of the above mentioned indicators (cf. [CL98, LL03,
KLR08, DKE08, KW10]). With respect to the behavior of the contact stresses,
only implicit time discretization schemes seem to provide the necessary sta-
bility, see [KROM99, KW09]. In addition to the non-penetration constraints
zero velocities are required during a contact phase. In the time-continuous set-
ting the zero value of the velocity is a direct consequence of the constant value
of the displacement at the contact boundary. Unfortunately due to the non-
differentiability classical time-discretization schemes are not able to reproduce
this property. For a modification of classical time discretizations to dynamic
contact problems it would be desirable to localize the moment of impact where
regularity cannot be expected. But for an arbitrary continuous two- or three
dimensional object we have an infinite number of points coming into contact
at individual times. Anyway, in the discrete setting we have a finite number
of contact nodes but again each contact node has its own impact time and the
actual contact zone is part of the solution process and not known a priori. A
very small choice of time step sizes may reduce the error caused by the time
discretization but is numerically very expensive, even if an adaptive time step
control is employed. Therefore we present a new time-discretization scheme
which due to a predictor step allows for the implicit computation of individual
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impact times for each node at the contact interface. These information from the
space discrete setting incorporated into the time discretization provide reason-
able approximations to the displacements, the contact stresses and the velocities
at the contact boundary.

(a) geometry (b) contact stresses (c) contact velocities

Figure 1: elastic contact problem with time step size τ = 5e−3

However, still in each time step a non-smooth and possibly nonconvex min-
imization problem has to be solved with as many unknowns as are related to
the spatial discretization. Even though efficient solution methods for the aris-
ing nonlinear spatial problems are available, see [K00], the best balance of low
computing time and high accuracy can be obtained by using space adaptive
discretizations. As a second component of our adaptive approach, we thus will
consider the construction of a posteriori error estimators for the arising spa-
tial problems. Due to the contact constraints, the construction of reliable and
efficient a posteriori error estimators is far from trivial. The approach to be
followed here coincides with a common residual error estimator in the uncon-
strained case but measures additionally the error in the contact stresses, thus
avoiding an undesirable overestimation in an active contact zone where no fur-
ther improvement is possible. Due to the construction of the error estimator
local contributions of the error estimator in the active contact zone are re-
stricted to the free boundary. Upper and lower bound of the error estimator are
provable.

Figure 2: adaptive mesh refinement

Finally, we will comment on how to solve the spatial sub-problems efficiently
in parallel and with optimal complexity. To this end, we will use parallel non-
smooth multiscale methods, which are based on a decoupling of the non-smooth
effects at the contact interface and the smooth reaction of the remaining bulk.
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