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Abstract—Through the presentation of application cases of
a family of time-stepping schemes, we will give emphasis on
numerical issues triggered by specific simulation objectives,
outline how some of these issues have been overcome and
what are the remaining open ones. The first application is
industrial virtual prototyping, which actually generates a family
of typical scenarios where interactivity is demanded. The second
application is a specific assembly case study, featuring many
3D beams in contact, which demonstrates how the same time-
stepping scheme and associated solver can apply to problems of
very different scales in terms of configuration space dimension
and number of contacts.

I. INTRODUCTION: TIME-STEPPING SCHEMES IN XDE
Time-stepping methods ([1]) are know to be very robust

numerical approaches for the simulation of non-smooth me-
chanical systems. Some of them can also be efficient enough to
be compatible with real-time or interactive applications ([2]).
In practice, they are methods of choice when trying to meet
the robustness objectives of industrial applications in which
end-users may not be numerical experts.

XDE (eXtended Dynamic Engine) is a software component
developed at CEA, LIST, which aims at simulating mixed rigid
and deformable multibody systems with kinematic constraints
and intermittent contacts. The time-stepping schemes it imple-
ments are all intimately coupled with the LMD++ method for
contact determination ([3], [4]).

We start from the following Measure Differential Inclusion
(MDI) formulation of the nonsmooth dynamics:

m(x) dv = f(x, v+, t) dt+H(x) dr

v+ = (ẋ)
+

(g(x),HT (x).v+, dr) ∈ F
, (1)

where x ∈ Rd is a vector of generalized coordinates (possibly
defined only locally on the configuration manifold), dt is the
Lebesgue measure on R, dv is the vector-valued measure
on R obtained by taking the derivative of v in the sense of
distributions, dr is a vector-valued measure on R representing
the possibly nonsmooth reaction forces in local coordinates, H
is the Delassus operator and g(x) is the gap vector associated
to the unilateral and bilateral constraints. The inclusion in
the fixed set F formulates the nonsmooth laws and equality
constraints. Here we restrict ourselves to the case where
m, g, H and F do not explicitly depend on time. Assume
that (xn, vn) has been computed as an approximation of
(x(tn), v

+(tn)). For any α in [0, 1] and k ∈ Rd, we define: tn+α = tn + α∆t
xn+α(kx) = xn +∆t α kx
vn+α(kv) = vn +∆t α kv

. (2)

We propose to use the following time-descretization of the
smooth dynamics and differential inclusions:

m(xn+θ(kx)) kv = f(xn+θ(kx), vn+θ(kv), tn+θ)
+H(xn+γ(kx)) r

vn+θ(kv) = kx(
g(xn+γ(kx)), H

T (xn+γ(kx)) vn+γ(kv), r
)
∈ F

, (3)

where the couple (θ, γ) ∈ [1/2, 1]2 represents the fixed param-
eters of the time-stepping scheme, and where the dependance
of kx, kv and r with respect to n has been omitted. As kx can
be eliminated in (3), this scheme can be described, following
the terminology in [5], as a fully implicit drift-stabilized index-
2-like scheme with unknowns (k = kv, r). It is very close to
the fully implicit variant of the NSCD method ([6]) proposed
in [1], Sect. 10.1.5.3, Algo. 9. In the same manner, it is
possible to build a solver for (3) based on a Newton loop,
starting with k0 = 0 or with the value of k computed at the
preceding time step, and in the iterations of which the smooth
dynamics and generalized contact kinematics are linearized
(neglecting ∂xm and ∂xH) around the preceding iterate ki.
In the resulting One-Step Non-Smooth Problem ki+1 can be
eliminated, yielding an algebraic inclusion on ri+1 which can
be reformulated using a nonsmooth augmented Lagrangian
approach and then solved using an iterative projective Gauss-
Seidel-like method (see for example [5], Chap. 4).

First, the exact penalization matrix R used in this refor-
mulation turns out to be of extreme practical importance,
influencing both the convergence rate and the robustness of the
solver. Using the block-diagonal matrix extracted, following
the block structure given by the local inclusions, from the
complete Delassus matrix HT m̂−1 H (where m̂ = m −
∆t θ ∂vf −∆t2 θ2 ∂xf ) appears to give superior results in the
applications presented here, compared to diagonal R matrices.
In order to guarantee that this R matrix is positive-definite,
we regularize each singular diagonal block by adding to it
a spherical term proportional to its Frobenius norm, and the
blocks which are equal to zero yield ignored inclusions.

When a frictional a contact law is encountered (XDE
currently implements the Signorini, Coulomb and approximate
ellipsoid-based Coulomb-Contensou models), the inclusion is
split into a pure unilateral constraint and a frictional element
in the local resolution of which the normal force is assumed to
be known. This implies to numerically compute the proximal
operator to disks in the plane and to ellipsoids in R3 using
arbitrary distance matrices. We gained in both numerical
efficiency and robustness by reformulating this step as an
optimization problem on a smooth manifold and solving it



Fig. 1. An accessibility study case (data courtesy of EADS).

using a Newton-like method following the ideas of [7].
Secondly, starting from the fully implicit version of this

time-stepping scheme, linearly-implicit versions can be ob-
tained by interrupting the global Newton loop after one
iteration and adequately choosing k0. The choice for the value
of θ is typically 1/2 or 1, the latter being clearly dissipative but
giving more stability margin to the linearly-implicit flavours.

II. INDUSTRIAL VIRTUAL PROTOTYPING

In the transport industry, the partial replacement of physi-
cal prototypes by numerical simulations has created a need
for interactive mechanical simulation tools: the end-user is
enabled to interact with a simulated virtual world using
various interfaces (from mere 6-dof space-mouse devices to
motion tracking and haptics) and interaction paradigms which
are preferably formulated as control laws on the simulated
mechanical system. Digital mock-ups are generally based
on CAD data which define non-convex and highly detailed
body shapes, and most scenarios impose to respect geometric
accuracy criteria, like in assembly or accessibility studies (see
Fig. 1). They very often feature a large fixed environment, a
low number of mobile rigid bodies, kinematic joints with ac-
tuators (multibody subsystems may represent robots or virtual
humans), and sometimes deformable bodies (essentially 3D
beam structures modeling electrical cables or flexible hoses).

Hence the main numerical challenge is to combine interac-
tivity or real-time constraints with a high level of robustness,
which are known to be contradictory goals. A possible trade-
off is to opt for the linearly-implicit version of our time-
stepping scheme with k0 = 0. In practice the choice of θ is of
little influence on the quality of the user experience since the
simulated system most often incorporates dissipative elements,
especially in its control law, so θ = 1 is preferred.

The time-stepping compatibility of the LMD++ contact
determination method has been the most important step toward
the robustness of our simulations: the generation of the contact
points between polyhedral shapes should respect a numerical
qualification criterion ([3]) in order to allow the chosen time-
stepping scheme (and associated solver) to converge. Special
interest cases include conforming contact situations. Choosing
γ = 1 and delaying the exact phase of contact determination
to the resolution loop of the time-stepping scheme also greatly
improves the robustness of the complete approach.

III. ASSEMBLY STUDY OF SPECIFIC MEASURE DEVICES

For design optimization purposes, an on-going work is the
simulation of the assembly of specific measure devices involv-

Fig. 2. Assembly of a device by successive inward insertion of optic fibers.
Here the configuration space dimension is roughly 10000 and 1000 contacts
are detected

ing the successive insertion of several hundreds of optic fibers
going into contact in a very intricate manner (see Fig. 2),
generating a high number of elastically loaded contacts. A
geometrically exact beam model is used for the fibers, which
robustly and efficiently captures the geometric nonlinearities.
Note that the Delassus matrix HT m̂−1 H is never assembled
in practice (as also indicated in [1], Chap. 13), allowing the
inclusion solver to exploit the sparsity of m̂ and H .

IV. CONCLUSION AND PERSPECTIVES

A high level of robustness has been attained with the numer-
ical methods implemented in XDE, giving successful results in
several industrial applications. Still the problem of an efficient
continuous collision detection strategy, i.e. efficiently coping
with the locality of the definition of the contacts, remains
fairly open in this algorithmic context. Another challenge for
interactive applications is the usage of several levels of detail
in the body shapes, so as to lower the overall complexity when
the velocities grow higher.
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