
A RIGID BODY SPRING MODEL FOR THE NUMERICAL 

SIMULATION OF FREE STANDING BLOCKS 

 
Fernando Peña 

a
 

Instituto de Ingeniería, Universidad Nacional Autónoma de México,  

Edificio 2 – 401, Ciudad Universitaria, 04510 Mexico city, Mexico 

fpem@pumas.iingen.unam.mx  

 

 

The pure rocking motion of single rigid bodies can be easily studied with the differential 

equations of motion proposed by Housner which can be solved by numerical integration or by 

linearization. However, when we deal with complex motion, the mathematical formulation 

becomes quite complex. In order to overcome this complexity, several authors have used other 

mathematical formulations, as the Discrete Element Method (DEM) or have proposed novel 

analytical and numerical models. Thus, despite significant advances from past research, the 

study of complex motion of rigid bodies remains a challenging task.  

 

 In this work, a Rigid Body Spring Model (RBSM) is proposed for the study of rocking motion 

of slender rigid bodies, in which the rigid body is considered as a mass element supported by 

springs and dashpots, in the spirit of deformable contacts between rigid blocks. The advantage 

of the proposed model with respect to the DEM is that the RBSM is a semi-discrete model. 

Therefore, the RBSM can detect separation (jumping) and sliding of the body. However initial 

base contacts do not change, in order to simplify the computational effort, keeping a relative 

continuity between the body and its base. In fact, the computational codes based on discrete 

analysis techniques must include routines for identifying changes in the contacts during the 

analysis, without user intervention. In theory, the detection contacts requires simple geometric 

calculations but detection test may require a relatively long computer time. Thus, the model is 

able to reproduce the six motion states of the rigid bodies: rest, slide, rotation, slide-rotation, 

translation-jump and rotation-jump. 

 

The main limitation of the model is that cannot detect changes in the geometry (new base 

contacts or complex basal contact conditions). However, there are a lot of practical applications 

where it is not necessary to consider changes in the initial geometry, since it means collapse of 

the body. Thus, the model is pointed to those applications. It is worth noting that the RBSM 

proposed here is only for the study of slender rigid bodies. A slender rigid body can be 

understood as a body that has a slenderness angle α lesser than about 20° or a slenderness ratio 

h/b greater than 2.75. The advantage to deal with a slender rigid body is that the sine of the 

angle may be approximated by the value of the angle in radians. Therefore, it is possible to 

model the rocking behavior considering only small rotations. 

  

The rigid body is considered as a two-dimensional plane solid body with n sides. The global 

Cartesian coordinate frame {O, x, y} is placed in order to have the gravity acceleration g applied 

in the negative y-axis direction. A local reference frame {o, ξ, η}, with the ξ-axis initially 

parallel to the global x-axis, is fixed at the barycenter of the element. The deformed 

configuration of the model is described by the variations of position of this local reference 

frame with respect to the global one. The translations u, v and the rotation angle ψ, associated 

with the element’s barycenter, are collected into the Lagragian co-ordinates {u}. The loads, 
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including inertial forces, are condensed into three resultants: the forces fx and fy applied to the 

element centroide and the couple Θ. They are assembled into the vector of external loads {fe} 

which is conjugated in virtual work with {u}. 

 

The r base contacts of the element are defined as a set of r interfaces. Each interface is defined 

by three linear springs and dampers. Two axial springs (Ki
RP

) located at the corners of the 

interface (RPi) and one shear spring (Ki
cm

) located in the middle of the interface (cm) are 

considered. For each spring, one viscous damper (Ci) is defined. It is noted that the direction of 

the axial springs and dashpots are perpendicular to the interface, while the shear spring is 

parallel to it. 

 

The dissipation of energy due to impact can be taken into account by using a viscous damping 

Ci, if it is regarded only as a stiffness K-dependent quantity by means of the Rayleigh 

formulation Ci
RP

=βi
RP

Ki
RP

, where βi
RP

 is the stiffness proportional damping constant. 

 

Thus, the equation of motion of the Lagrangian system is: 

                              (1) 

where [M] is the diagonal mass matrix defined with the mass of the element m and its polar 

moment of inertia i about the gravity center. Under small displacement assumption, the 

deformation-displacement relation can be expressed by considering a 3r x 3 matrix [B] as 

follows: 

                 (2) 

Where {δ} is the vector of deformation of the springs and matrix [B] is the deformation-

displacement matrix. The vector of generalized forces {fs} is defined as: 

         
          (3) 

and {Fs} is the vector of the spring forces of each interface, which are obtained from the 

constitutive laws. The damping matrix [C] is defined as: 

                    (4) 

where [A] is the diagonal matrix of viscous dampers. 

 

Finally, Equation (1) is numerically integrated by means of the central difference method by 

using a constant time step Δt. Whit this simple and much known formulation in seismic 

engineering, the proposed model allows detecting rocking, sliding and jumping of the block. 

Thus, it is not necessary complex mathematical formulations for each possible motion state and 

multiple rocking points. 

 

The numerical model proposed here has been validated by comparing its response with the 

extensive experimental tests on the rocking response of rigid bodies performed at the shaking 

table of the National Laboratory of Civil Engineering (LNEC) of Portugal. The tests were 

carried out on four blue granite stones, subjected to different types of base motion. The model 

here proposed is able to reproduce satisfactorily the rocking, sliding and jumping behavior of 

the rigid bodies. The numerical results show that the hypothesis of small rotations is valid when 

slender bodies are studied, since the rocking angle is not greater than 20°. The model is able to 

reproduce satisfactorily the rocking behavior of rigid bodies. It is worth to note that the model 

proposed can take into account the possible sliding and jumping of the blocks. In asymmetric 

rocking motion, the maximum response is a function of the type of the direction of the ground 

motion. Therefore, the direction of the acceleration should become a new variable in the study 

of asymmetric rocking motion. 


