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Summary. This presentation is aimed at showing numerical results forthe impact dynamics of the so-called tapered chains of balls
(which are linear chains of balls with progressively decreasing size) by using the model of multiple impacts introducedin [1, 2, 3, 4, 5].
The numerical results are then compared to experimental ones found in the litterature.

Brief description on the model of multiple impacts

A new model of multiple impact without or with friction has been presented in [1, 2, 3, 4, 5]. This is an extension of the
so-called Darboux-Keller model for simple impacts with friction [6, 7]. This is a rigid body approach, with one energetic
restitution coefficientper contact, and Coulomb’s friction at each contact point. The impact dynamics (without friction),
is summarized as follows. The contact stiffnesses are denoted aski, the potential energy at contacti is Ei. The matrix
W ∈ R

n×m is the Jacobian between the generalized velocitiesq̇ ∈ R
n and the contact points normal relative velocities

δ̇j , with rows denotedwj . We suppose there arem contact/impact points.

• Contact parameters: stiffnesseskj , coefficients of energetic restitutione∗n,j , 1 ≤ j ≤ m, and elasticity coefficientη

(η = 1 or =
3

2
, or other values).

• Dynamical equation:

M
dq̇

dPi

= W
dP

dPi

if Eji(Pj , Pi) ≤ 1 for all j 6= i (1)

with the distributing law:

dPj

dPi

= γ
1

η+1

ji (Eji(Pj , Pi))
η+1

η (2)

where:

γji =
kj

ki

, Eji =
Ej(Pj)

Ei(Pi)
, 1 ≤ i ≤ m, 1 ≤ j ≤ m (3)
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and the timetc at the contactj is calculated froṁδj(tc) = 0, while tf is calculated from the energy constraintWr,j =
−(e∗n,j)

2Wc,j . Coulomb’s friction can be easily added in the impact model,at the force (or infinitesimal impulse) level
[3,4].

Numerical simulations

The impact dynamics for the tapered chains have been experimentally investigated [8, 9]. It has been shown that the
dispersion effect in such granular chains,i.e. the velocity and the kinetic energy are distributed in thesesystems, is much
more pronounced than in the monodisperse chains. Here, we perform numerical simulations on a tapered chain that is
identical to the chain considered by Nakagawaet al. [8]. Moreover, the size of the impactor and the material properties
are also identical. The configuration of the numerical test is illustrated in figure 1. The tapered chain is composed of
19 balls (numbered from 1 for the largest ball to 19 for the smallest ball) whose diameterΦi is progressively decreased
according to the following law:Φi = (1 − q)Φi−1 with Φ1 = 9.5 mm and the tapering factorq = 5%. The tapered
chain is impacted by an impactor of diameter (numbered 0)Φ0 = 10 mm. Ball properties are as follows: mass density
ρ = 7833kg/m3, Young modulusE = 203 GPa, Poisson ratioν = 0.3. The interaction at contacts between two balls are
modeled by the compliant bi-stiffness contact model without friction (see [1] for details). The stiffness at a given contact
is calculated thanks to the Hertz theory as a function of diameter and properties of the two adjacent balls. The interaction
at contacts respects the energetical constraint [6] with the value of the coefficient of energetical restitution being estimated
in [8] e∗n = 0.956 for all contacts. The numerical algorithm for the model of multiple impacts described in [4] which has
been implemented in the Siconos platform ( seehttp://siconos.gforge.inria.fr/) is perfomed with the step
size∆P = 10−7 N × s.
In figure 2, we show the evolution of the velocity and of the kinetic energy of different balls during the impact process.
It is shown that the wave induced by the shock loses the shape of a solitary wave when propagating in the tapred chain.
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Figure 1: Configuration of the numerical test.
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Figure 2: Velocity and kinetic energy of different balls, normalized respectively by the velocity and the kinetic energy of the impactor,
versus the time during the impact process.

(a) Numerical result (b) Experimental results

Figure 3: Normalized velocity, momentum and kinetic energyof balls at the end of impact obtained from the numerical simulation
plotted in a semilog scale, compared to those obtained from the experimental test in [8].

A pronounced tail is formed behind the front of the wave. We can also see that the amplitude of the velocity of the balls
increases as the wave propagates down the chain whereas the amplitude of the kinetic energy of the balls is attenuated.
This means that the tapered chain is able to attenuate the kinetic energy involved in the shock.
The velocity, momentum and kinetic energy of the balls at theend of the impact obtained from the numerical simulation
are plotted in a semilog diagram in figure 3(a). It can be seen that the velocity, momentum and kinetic energy of the
balls at the end of the impact are dispersed over a significantnumber of balls at the end of the chain. The numerical
results are then compared to the results obtained from the experimental test described in [8] and shown in figure 3(b). The
comparison shows that the numerical simulation with the model of multiple impacts give results that fit fairly well to the
experimental results.
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