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The propagation of solitons along bead alignments [1, 5, 6] is a highly nonlinear phenomenon
which is of practical importance for the design of granular shock absorbers [6, 2]. Nonlinearity
arises from Hertzian interactions between grains, since the repulsive force f between two initially
tangent spherical beads compressed with a small relative displacement δ is f(δ) = k δα at leading
order in δ, where α = 3/2 (see figure 1). The resulting dynamical equations are difficult to analyze,
because f(δ) is fully nonlinear, f ′′(0) is not defined and no force is present when beads are not in
contact.

Figure 1: Left : schematic representation of two spherical beads that are compressed and slightly
flatten, the distance between their centers decreasing by δ ≈ 0. Right : Newton’s cradle, a classical
system of interacting beads.

A classical mechanical system for which these difficulties show up is the Newton’s cradle, which
consists of a chain of beads suspended from a bar by inelastic strings (see figure 1). A simplified
model for Newton’s cradle reads in dimensionless form

d2xn

dt2
+ xn = (xn−1 − xn)α

+ − (xn − xn+1)
α
+, n ∈ Z, (1)

where xn(t) ∈ R is the displacement of the nth bead from a reference position, α > 1 a fixed
constant and (a)+ = max(a, 0).

Model (1) describes in fact a larger class of mechanical systems consisting of linear oscillators
coupled by Hertzian interactions, like the chain of identical clamped cantilevers represented in
figure 2. Each cantilever is decorated by two spherical beads attached to its center, and the
beads of two successive cantilevers are tangent at the ground state. Equation (1) corresponds to a
simplified model of this system obtained by incorporating a single degree of freedom per cantilever
(the amplitude of the slower bending mode in a linear approximation), and by treating beads under
a quasi-static approximation.
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Figure 2: Left : array of clamped cantilevers decorated by spherical beads (horizontal deflections
are amplified for clarity). Right : spatial profiles of nonlinear waves initiated by an impact at one
end of the chain (cantilever velocities are plotted at some fixed time). The localized wave around
n = 70 corresponds to a travelling breather.

In reference [3], we formally derive an amplitude equation

2iτ0

∂An

∂τ
= (An+1 − An) |An+1 − An|

α−1 − (An − An−1) |An − An−1|
α−1, (2)

which describes small amplitude approximate solutions of (1) taking the form xapp
n (t) = ǫ (An(τ) eit+

Ān(τ) e−it), where τ = ǫα−1t, ǫ > 0 is a small parameter and An(τ) ∈ C. We call equation (2) the
time-dependent discrete p-Schrödinger equation, because it can be seen as a finite-difference spa-
tial discretization of the generalized Schrödinger equation i ∂τA = ∆pA, where the usual Laplacian
operator is replaced by the one-dimensional p-Laplacian ∆pA = ∂ξ( ∂ξA |∂ξA|p−2 ) and p = α + 1.
The unilateral character of Hertz’s contact forces is averaged out along the fast local oscillations,
which results in much simpler nonlinearities at the level of (2), and makes this reduced model
easier to analyze than system (1).

The analysis of equation (2) gives many informations on the dynamics of the original system (1).
In particular, we prove in [3] the existence of periodic travelling waves of (1) close to some explicit
solutions of (2). Moreover, equation (2) provides a good qualitative description of a classical impact
problem in system (1), where the first mass (in a long chain with free end boundary conditions) is
initially hit by a striker [4]. When the impact velocity lies in a range for which the Hertzian and
local potentials act with similar strengths, the initial impulse does not propagate any more in the
form of a solitary wave, but it takes the form of a travelling breather with an internal oscillation
(see figure 2), a phenomenon well described by the reduced model (2).
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