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The contribution deals with solving contact problems of linear elasticity with Coulomb
friction in 3D using optimization algorithms. The starting point is the algebraic formu-
lation arising from the finite element approximation [5]. It consists of the linear equality
describing the inner equilibria of bodies and the complementarity conditions represent-
ing the non-penetration and friction. A possible way how to analyze the problem is the
fixed-point approach. It is based on the auxiliary contact problem with Tresca friction
that determines a mapping whose fixed point is the solution to the contact problem with
Coulomb friction. There is the unique fixed point when the mapping is contractive that is
guaranteed by a sufficiently small coefficient of friction. The natural way how to determine
fixed points is the method of successive iterations.

There are two principal possibilities how to derive an algorithm: (i) solving directly the
discrete contact problem with Coulomb friction; (ii) solving the discrete contact problem
with Tresca friction and using the method of successive approximations. The case (ii) is
typically based on the dual formulation of the Tresca problem that is the minimization of
the strictly quadratic objective function subject to simple bounds (non-penetration) and
quadratic inequality constraints (friction). The minima can be computed by the active
set algorithm [6, 7, 3] that combines the conjugate gradient iterations with the projection
of gradients. This idea generalizes the algorithm of Dostál and Schöberl [4, 2] originally
developed for simple bound problems. The common feature of both algorithms is the same
convergence rate in terms of the spectral condition number of the dual Hessian but the
practical experience is different. The reason consists in the finite termination property that
does not hold for the problems with quadratic constraints. In this case, the algorithm seeks
not only indices of constraints active in the solution but also positions of the corresponding
solution components lying on its curved boundaries. Therefore, ”zig-zag” iterations may
be generated so that short conjugate gradient sequences are combined with projections
changing the active set. In order to overcome this drawback one can recommend to use
a strictly feasible algorithm, e.g., an interior-point method [8]. Since the usage of the
active set is avoided, the ”zig-zag” phenomena may be suppressed. The interior point
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method computes damped Newton iterations for certain non-linear differentiable equation
describing the contact problem. Typically, the Jacobi matrix is singular in the solution
so that an appropriate preconditioning is necessary in later iterations. The possibility
(i), i.e., direct solving of the contact problem with Coulomb friction, can be realized by
the semi-smooth Newton method [1]. This strategy is based on the projective primal-
dual reformulation of the contact problem that leads to the system of piecewise smooth
equalities. If applied Newton iterations to this system, it requires to evaluate generalized
Jacobi matrices. To this end an active set is introduced again that determines the smooth
piece corresponding to the current iteration. The generalized Jacobi matrix is then obtained
by the standard differential rules. Such implementation of the semi-smooth Newton method
is equivalent to an active set algorithm. The main difference with respect to its previous
variant consists in the fact that ”weakly” infeasible iterations are allowed. In general, this
method converges when the initial iteration is sufficiently accurate.

In the contribution we compare above mentioned iterative algorithms for solving contact
problems with Coulomb friction.
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