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Lyapunov stability



Continuity of a function
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Lyapunov stability
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¥Continuity of distance of trajectories
¥ Local concept
¥ Since 1892



Kinematic control
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Kinematic control

11> 0, ""> 0s.t. #X(tg) $ Xo# %" & t' to, #X(1) $ Xo# %!
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2(t) = 20 + (x(tg) ! xg)e’ X' 1)



| yapunovOs second
method

¥if v(x) locally continuous positive debnite
A

¥and\!ﬂ: EV(x(t)) non-positive

( V(x(t)) decreasing) \ﬂ
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Kinematic control
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Kinematic control

11> 0, ""> 0s.t. #8X(tg) $ Xo# %" &! t' tg, #X() $ Xo# %!
XI= K(Xg! X)
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Control of a point mass

m»a = f



Control of a point mass

mx = K(Xg! X)



Control of a point mass

mx = K(Xg! X)
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Control of a point mass
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Control of a point mass

mx = K(Xg! X)
K
m

X(t): Aei!t+Be!i!t, !2:

mx = K(Xg! X)! 2m! X

x(t)=(A+ Bt)e '"



Effects of damping

200

Response < %
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(Under damped)

Y
Steady-state
¢ = 1.0 (Critically damped)
¢ =1.5 (Overdamped)
Time
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Control of a point mass

mx= K(Xg! X)! cX



Control of a point mass

mx= K(Xg! X)! cX

1 1
V = —mIx!2 4+ ZKkIx" xql?
9 5 0

W= mxi’ x+ k(x! xg)™x
=1 Kk(Xxg! x)! X' b+ k(x! xg)' X
=1 c"XI'*# 0
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A good reference:
H. Khalil

NONLINEAR
SYSTEMS

HASSAN K. KHALIL



Dynamics of a rigid
body



Kinematics of a rigid
body

¥ The position of one rigid body in 3D:
M1 SE(3) " M =(t,R)

R! SOB): R'"R=RR' =1, detR=1
RTR+ RTRI=0

0 g 0y,

RTRI=1= "1, 0 |

11y
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Newton equation



Euler equation

d ! i |
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Obvious ?

.. T ?.
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Dynamics of a robot



Positions of rigid bodies

¥ an articulated body! N independant
bodies

¥ Kinematic constraints



Different approaches

¥ HamiltonOs principle of least action (" la
FermatQOs principle)

¥ DOAlembertOs principle (virtual work)

¥ GaussO principle of least constraint
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GaussO principle

My % = Tx

el 0t et e ="k

1
5 0l ) mi Gac %)
k 1 ’ sz T 7 g

+§(!Uk! Ge)' e (e D10
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Positions of rigid bodies

¥ an articulated body! N independant
bodies

¥ Kinematic constraints



Differential kKinematics

¥ Position, speed, acceleration...
‘p=Mk(@)! “p=f(a)

L . .
°p = ,O(Iq)quq

| f 1 f
O, = | (CI)qH_E ()

| g dt g = Ag+ Alg
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Kinematic constraints

Xk = Jw (0) @
'k = Jrk (Q) @

Xk = Ji (0) g+ J‘fL(q,Gl)(W
G = Jri () g+ F (0,0)

-]
D= 00! %) My (! %)

k 1 ’ s T 7 g
+ > (O D 1G) " e (M ! 10 )
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Lagrangian dynamics

| D ,
G: M(g)a+ N(g@aq'F =0

M(A) = Jg MicJu + Iy Tk Ire

| K

N (q,q) = Jge me M+ I8 e K ! I8 (i Jre @) " I

| K

F = Ja Tre + I Nk

K
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Kinetic properties

L1 1 1 . |
K = k éxiimmuﬁé!llk!ﬁémﬁvl(q)m
, ]_, , i i
K = éﬂﬂ M(q,d) 4+ §' M (q) &
1 - o ,
= chf[lw(q,w)! 2N (q,@)] g+ §'F = §'F

H'=1H " # x, x'"Hx =0
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Dynamics of
manipulator robots

Gravity and joint torques

J ( | lP 1 2T n
g e

P I
! b ’ ’
d . NI {
A, . 4
B " .
»

M (q) g+ N(q,q) g+ G(q) = !



Dynamic Motion
Control



Joint space



Computed Torque
Control

M (q) e+ N(q,q g+ G(q) = !

L= M(q)v+ N(q,@) a+ G(q)



Proportional-Derivative
(PD) Control

¢=!k(q! aqm)! !q



Proportional-Derivative
(PD) Control

=1 k(a! a)! !q

1 K

:_°2 - | 2
V=50"+50q! &)

W= q g+ kdl (q! qu)="!"!df

¥ Stable ifk >0, ! >0



Computed Torque
Control Robustness

M (q) e+ N(q,q g+ G(q) = !

= M'(¢)v+ N'(¢,d i+ G'(q)

&gt Vv



OPD+0O Control

M () g+ N(q,q) g+ G(q) = !

L= G(g! k(q! qi)! "a



OPD+0O Control

M () g+ N(q,q) g+ G(q) = !
= G(g! k(g! az)! "q

= 2 M (@d+ k(! )’

—

= Zdfl M(q,dg+ §"M (g)g+ kal (9! qu)
= Zdf [W(q,d)! 2N(q,@]q! ! of

=N

N
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OPD+0O Control
Robusthess

M () g+ N(q,q) g+ G(q) = !

= G(g)+ "! k(q! og)! #a
= G(@! k(q! o' E)! #q

1 1 |
— i 14+ — | RY
V 2cqirl\/l(q)<w+ k@@l ! )



Cartesian space



Operational Space
(Khatib 1987 IJRA)

x = 1(q)
Xi= J(Q)q
x= J(d)g+ Hq,dd
M(q) g+ N(q,d 4+ G(g)=! = J(9) F
M*(d) %+ N'(q,@) i+ G'(q) = F

M (@) = J(@) "M (a)JI(q) *



Operational Space
Inertial behaviour

¥ F=x"M'(@x=d9 M(gg! O



Operational Space PD+
(Jacobian Transpose)

M'(@x+ N'(q,@) Xi+ G'(g)= F

F=G(g)! k(x! xq)! !X

= G(@)+ (@' (P k(x! xa)! ")



Operational Space Computed
Torque (Jacobian Inverse)

M'(a)x+ N'(q,@)xi+ G'(q) = F

F = M'(9v+ N'(q,8) i+ G'(q)

x=v=1"1Kk(X! Xq)! I'X

L= M(g)J(Q)' (! k(x! xg)! "xit Mq,dd+ N(q,4) g+ G(q)
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Robustness to
model errors

y=f(x), x=1"(y)

0= 0 1(f (X))



Task Function approach
(Samson 1991)

M(a)a+ N(q,@) g+ G(q) = !
e=f(q)! fg" O
@= J(o)q
e= J(da+ Na,qq

e=1! kel I g

= M(QJ(Q' ! ke! "a& Nqdd + N(q,@G+ G(g



Robustness to
model errors

x=M=0 e=8=0
| |
X" Xg=0 e=f(g" fg=0

y=1f(x), x=1"y) &= (@ @= I(q) e

¥ =0 1(f (x)) @= J(q)Pg)' L&
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Sample results
(LAB)

Micro assembly using visual servoing

LAB Besancon
Tracking: INRIA Rennes
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Sample results
(O. Bourquardez)




Sample results
(N. Mansara)
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