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Lyapunov stability
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Continuity of a function
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! ! > 0, " " > 0 s.t. #x $ x0# %" & # f (x) $ f (x0)# %!
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Lyapunov stability

! ! > 0, " " > 0 s.t. #x(t0) $ x0# %" & ! t ' t0, #x(t) $ x0# %!

¥Continuity of distance of trajectories

¥Local concept

¥Since 1892
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Kinematic control

! ! > 0, " " > 0 s.t. #x(t0) $ x0# %" & ! t ' t0, #x(t) $ x0# %!
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úx = k(x0 ! x)



Kinematic control

! ! > 0, " " > 0 s.t. #x(t0) $ x0# %" & ! t ' t0, #x(t) $ x0# %!

6

úx = k(x0 ! x)

x(t) = x0 + (x(t0) ! x0)e
! k ( t ! t 0 )



LyapunovÕs second 
method

¥if         locally continuous positive deÞnite

¥and                      non-positive 
(            decreasing)

V (x)
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x

úV =
d
dt

V (x(t))
V (x)

V (x(t))



Kinematic control

! ! > 0, " " > 0 s.t. #x(t0) $ x0# %" & ! t ' t0, #x(t) $ x0# %!
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úx = k(x0 ! x)



Kinematic control

! ! > 0, " " > 0 s.t. #x(t0) $ x0# %" & ! t ' t0, #x(t) $ x0# %!
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úx = k(x0 ! x)

d
dt

1
2

! x " x0! 2 = ( x " x0)T úx = " k! x " x0! 2 # 0



Control of a point mass
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m¬x = f



Control of a point mass
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m¬x = k(x0 ! x)



Control of a point mass
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m¬x = k(x0 ! x)

x(t) = Aei ! t + Be! i ! t , ! 2 =
k
m



Control of a point mass

13

m¬x = k(x0 ! x)

x(t) = Aei ! t + Be! i ! t , ! 2 =
k
m

m¬x = k(x0 ! x) ! cúx



Control of a point mass

14

m¬x = k(x0 ! x)

x(t) = Aei ! t + Be! i ! t , ! 2 =
k
m

m¬x = k(x0 ! x) ! 2m! úx



Control of a point mass

15

m¬x = k(x0 ! x)

x(t) = Aei ! t + Be! i ! t , ! 2 =
k
m

m¬x = k(x0 ! x) ! 2m! úx

x(t) = ( A + Bt )e! ! t
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Control of a point mass

17

m¬x = k(x0 ! x) ! cúx



Control of a point mass
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m¬x = k(x0 ! x) ! cúx

úV = m úxT ¬x + k(x ! x0)T úx

= úxT k(x0 ! x) ! úxT cúx + k(x ! x0)T úx

= ! c" úx" 2 # 0

V =
1

2
m! ẋ! 2 +

1

2
k! x " x0! 2



A good reference: 
H. Khalil
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Dynamics of a rigid 
body
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Kinematics of a rigid 
body

¥The position of one rigid body in 3D:

M ! SE(3) " M = ( t, R)

RT úR = ! =

!

"
0 ! ! 3 ! 2

! 3 0 ! ! 1

! ! 2 ! 1 0

#

$

R ! SO(3) : RT R = RRT = I, det R = 1

úRT R + RT úR = 0
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Newton equation

22

d
dt

(mk úxk ) = f k

mk ¬xk = f k



Euler equation
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d
dt

! 0I k
0! k

"
= 0"k

d
dt

! 0Rk
kI k

kR0
0! k

"
= 0Rk

k"k

0Rk
kI k

k ú! k + 0Rk
k ! k ! kI k

k ! k = 0Rk
k"k

kI k
k !̇ k + k ! k ! kI k

k ! k = k"k

d
dt

! 0Rk
kI k

k ! k
"

= 0Rk
k"k



Obvious ?
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Dynamics of a robot
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Positions of rigid bodies

¥an articulated body!!  N independant 
bodies

¥Kinematic constraints
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Different approaches

¥HamiltonÕs principle of least action (ˆ la 
FermatÕs principle)

¥DÕAlembertÕs principle (virtual work)

¥GaussÕ principle of least constraint
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GaussÕ principle

mk ¬xk = f k

I k !̇ k + ! k ! I k ! k = "k

+
1
2

( ú! k ! ú! k )T I k ( ú! k ! ú! k )

D =
!

k

1
2

(¬xk ! ¬xk )T mk (¬xk ! ¬xk )
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Positions of rigid bodies

¥an articulated body!!  N independant 
bodies

¥Kinematic constraints
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¥Position, speed, acceleration...

Differential kinematics

0p = 0M k (q) ! k p = f (q)

0ṗ =
!f (q)

!q
q̇ = A q̇
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0 ¬p =
! f (q)

! q
¬q +

d
dt

!
! f (q)

! q

"
úq = A ¬q + úA úq



Kinematic constraints

úxk = Jtk (q) úq

! k = JRk (q) úq

¬xk = Jtk (q) ¬q + úJtk (q, úq) úq

ú! k = JRk (q) ¬q + úJRk (q, úq) úq

31

+
1
2

( ú! k ! ú! k )T I k ( ú! k ! ú! k )

D =
!

k

1
2

(¬xk ! ¬xk )T mk (¬xk ! ¬xk )



Lagrangian dynamics

! D
! ¬q

= M (q) ¬q + N (q, úq) úq ! F = 0

M (q) =
!

k

J T
tk mk Jtk + J T

Rk I k JRk

N (q, úq) =
!

k

J T
tk mk úJtk + J T

Rk I k úJRk ! J T
Rk (I k JRk úq) " JRk

F =
!

k

J T
tk f k + J T

Rk ! k
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Kinetic properties

K =
!

k

1
2

úxT
k mk úxk +

1
2

! T
k I k ! k =

1
2

úqT M (q) úq
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H T = ! H " # x, x t Hx = 0

úK =
1
2

úqT úM (q, úq) úq + úqT M (q) ¬q

=
1
2

úqT [ úM (q, úq) ! 2N (q, úq)] úq + úqT F = úqT F



Dynamics of 
manipulator robots

M (q) ¬q + N (q, úq) úq + G(q) = !

úK = !
!P
!q

úq + úqT "

Gravity and joint torques

34



Dynamic Motion 
Control
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Joint space
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Computed Torque 
Control

M (q) ¬q + N (q, úq) úq + G(q) = !

! = M (q) v + N (q, úq) úq + G(q)

!

¬q = v
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Proportional-Derivative 
(PD) Control
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¬q = ! k(q ! qd) ! ! úq



¥Stable if

Proportional-Derivative 
(PD) Control

k � 0, ! � 0
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¬q = ! k(q ! qd) ! ! úq

V =
1

2
q̇2 +

k
2
(q ! qd)

2

úV = úqT ¬q + k úqT (q ! qd) = ! ! úq2



Computed Torque 
Control Robustness

M (q) ¬q + N (q, úq) úq + G(q) = !

!

! = M 0(q) v + N 0(q, úq) úq + G0(q)

¬q != v
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ÒPD+Ó Control
M (q) ¬q + N (q, úq) úq + G(q) = !
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! = G(q) ! k(q ! qd) ! " úq



ÒPD+Ó Control
M (q) ¬q + N (q, úq) úq + G(q) = !
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! = G(q) ! k(q ! qd) ! " úq

V =
1
2

úqT M (q) úq +
1
2

k(q ! qd)2

úV =
1
2

úqT úM (q, úq) úq + úqT M (q)¬q + k úqT (q ! qd)

=
1
2

úqT [ úM (q, úq) ! 2N (q, úq)] úq ! ! úq2



ÒPD+Ó Control 
Robustness

M (q) ¬q + N (q, úq) úq + G(q) = !
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! = G(q) + " ! k(q ! qd) ! # úq

= G(q) ! k(q ! qd !
"
k

) ! # úq

V =
1
2

úqT M (q) úq +
1
2

k(q ! qd !
!
k

)2



Cartesian space
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Operational Space 
(Khatib 1987 IJRA)

x = f (q)

úx = J (q) úq

¬x = J (q)¬q + úJ (q, úq) úq

M !(q) ¬x + N !(q, úq) úx + G!(q) = F

M !(q) = J (q)" T M (q)J (q)" 1
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M (q) ¬q + N (q, úq) úq + G(q) = ! = J (q)T F



Operational Space 
inertial behaviour

¬xT F = ¬xT M !(q) ¬x = ¬qT M (q) ¬q ! 0
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Operational Space PD+ 
(Jacobian Transpose)

M !(q) ¬x + N !(q, úq) úx + G!(q) = F
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F = G!(q) ! k(x ! xd) ! ! úx

! = G(q) + J (q)T (! k(x ! xd) ! " úx)



Operational Space Computed 
Torque (Jacobian Inverse)

M !(q) ¬x + N !(q, úq) úx + G!(q) = F
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F = M !(q) v + N !(q, úq) úx + G!(q)

¬x = v = ! k(x ! xd) ! ! úx

! = M (q)J (q)! 1(! k(x ! xd) ! " úx ! úJ (q, úq) úq) + N (q, úq) úq + G(q)



Robustness to 
model errors

¬x = úx = 0
!

x " xd = 0
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y = f (x), x = f ! 1(y)

öx = öf ! 1(f (x))



Task Function approach 
(Samson 1991)

¬e = ! k e ! ! úe
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e = f (q) ! f d " 0

úe = J (q) úq

¬e = J (q)¬q + úJ (q, úq) úq

M (q) ¬q + N (q, úq) úq + G(q) = !

! = M (q) J (q)! 1
!

! k e ! " úe ! úJ (q, úq) úq
"

+ N (q, úq) úq + G(q)



Robustness to 
model errors

úe = J(q) úq, úq = J(q)! 1 úe

úe = J (q) öJ (q)! 1 úöe

¬x = úx = 0
!

x " xd = 0

¬e = úe = 0
!

e = f (q) " f d = 0
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y = f (x), x = f ! 1(y)

öx = öf ! 1(f (x))



Sample results 
(LAB)
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Sample results 
(O. Bourquardez)
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Sample results 
(N. Mansard)
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