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bGh qNHchcMIF_«cZtC°DAHcU^M_bGFWTKZDAC2hdedTKhcMVeGC?UuoVH=bG�=C?o�C?hcMIU�ekC°��HcF^MIC TKoVDGZ[YtM_bdekCcª�C?h¹]n`cbdYtZ[YtXdF_C U^MITKM_Ya`sbGC U_bGFubGh
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��C�XdYtDAjnekC�C?U^M�ULMWT7MIY[`sbGC?o�C?hcM�U^MIT=XGZtCEU^Y4ZaT¥DGFIHKJLC?qNM_Y[H=h ekCEU_H=h qNC?hcMIF_CEekC�opT=UIU^C�U^bdF�Z[C�U_H=ZgU^C�M_FIH=bG�=C�Õ

Z f Y[hcMI]2FIYtC?bGF�ekb�DAH=Z[¦��=HchGC�eGCRU_bdU^M_C2hsMITKM_Y[H=h9P
O H=Z[¦��=H=hdCEekC¯U^biULMIC2hcMWT7MIYtHch Ç��H=FWU_`sbGCEZ[C¯XGYtDAjnekC¯C?U^M�U^bGF�bGh�U^C?bGZ�DGYtCne �DGrdTcU^C¥ekC¥U^Y[oVDGZtC¥U_bGDGDAH=F_M �NªGZ[C¯DAH=Z[¦��=H=hdCRekC¯U_bdU^M_C?hcMITKM_Y[H=h

qNHcF_FIC?U_DAH=hdeuÕ�ZaTEU_bGF_�@T=qNC�ekC�q2H=hsMIT=qNM£ekbVDdYtCneVU^bGF£Z[C�U_H=Z PK��H=FWU_`sbGC�ZtC�FIH=XAHKM�CnULM�U_bGF£U_C?U£ekC2bk¤�DGY[C?eGU @DGrdT=U_C
ekC�ekHcbGXGZ[CpU_bGDGDAHcF^M ��Z[CpDAH=Z[¦��=H=hGCpekC�U^bdU^MIC2hcMWT7MIYtHch§qNHcF_FIC?U_DAH=hde ÕwZ f C?o�DGFIC2Y[hcMIC�ekC?U¯ekC?bk¤ DGY[C?edURCNM¥ÕwZaT
U_bGF^�@TcqNCEYthsM_C2FIDAHkeGT=ZtCcP
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C2h·bGhGCpo¥bGZ\MIY\MIbdekC�eGC�DAHsULMIbGFIC?U��^q2ZtC2�@U���P9��Y�qNCnU�DAHcU^MIbGF_CnUEU^HchcMRTcU_U_C ��DGFIHkqIrdC?U�ZtCnU�bdhGC?URekCnUET=bkM_FIC?U?ª4bGhGC
U_YtoVDGZ[CEY[hcMIC2FIDAH=ZaT7MIYtHchwU^b8�VFWTKYtM�Õ�opTKY[hcM_C?hGY[F�ZaTVULMWTKXGY[Z[Y\MI]=P
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ekCE�c]2hG]?FITKM_Y[H=h ekC�MIFWT�JLCnq�MIH=Y[F_CnU ÌeGTKhdU�Z f C?U_DdT=q2CETKF_M_YaqNbGZaTKY[FIC ��`sbGY9�cT=FIT=hcM_YaUIU^C�Z[TVU^MITKXdYtZ[Y\MI]RekbwXdYtDAjnekCEC2hsM_FIC
ekC?bk¤ DAHcU^M_bGFIC?U�qNZ[CN�@U°TcU_U_C ��C?U_DdT=q2]2C?UpZ f bGhGC ekC�ZÌf TKbkMIF_CcP���YthdU_Y�Hch DAH=bGFIFWT ªT=b oVYtC?bk¤gª�h9f bkM_Y[ZtYaU_C2F `sbGC
ekC?bk¤�DiHsULMIbGFIC?U�q2ZtC2�@U�DAHcbGF�ek]?q2F_Y[F_C¥bGh�DiT=U��Z[C�ek]2XGbGM�CNM�Z[TpÔdh ��Pg�9CuqWrdTKDGYtM_FIC � DGF_]nU^C?hcMIC¥ZÌf ]NMWT7M�eGC¥Z f T=F^MekCnU�M_CnqIrdhGY[`sbGCnU�eGC¯�c]2hG]?FITKM_Y[H=h�eGCRMIFIT7JLC?qNM_HcYtFIC?U?ªGC?UIU^C?hcMIYtC?ZtZ[C2oVC2hsM�bGM_Y[ZtYaU_]2C?U�eGTKhiU�ZtCuekH=opT=YthGC¥ekCnU�FIH=XAH=MIU
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INITIALE

�����J� � PtlD��� " 1	� : 5+$M-@,.-05+6�$ $%,A( � 34"%$
O H=bGF�DGFI]?U_C2FI�=C2F¯ZaT U^MIT=XGYtZ[YtM_]wULMWT7MIY[`sbGC ekb¿XGY[DAj?eGCwTKb¿qNHcbGFIUuekCwqNCwek]2DGZaT=q2C2oVC2hsM?ª�ZaT�DGFIHKJLC?q�MIYtHch¹ekb
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e1(q) = 0

M_HcbkM�TKbwZ[H=hG�pekb�o�HcbG�=C2oVC?hcM?ªGZaTVU^MITKXdYtZ[Y\MI]RU^MITKM_Ya`sbGCRekb�XGY[DAj?ekCRC?U^M�DdF_]nU^C?F_�=]?C=P
O H=bGF�FI]?T=ZtYaU_C2F�ZaTuqNH=hiekY\MIYtHch

e1 = 0
ª�YtZA�@TKbkM�F_]nU^HcbdekFIC�Z[C�DGFIH=XGZ[j2oVC�eGC�qNY[hG]2opTKM_Ya`cbdC�Yth��=C2FWU^C�eGb°opTKhGY �

DGbGZaT7MIC2bGFnP
�<TVqNY[hG]2opT7MIY[`sbGC¯ekY[F_Cnq�M_C¯egf bdhwopT=hGYtDdbGZ[TKM_C?bGF�C?U^M�eG]?qNFIYtM_CEDdT=F�ZaT�FIC2ZaT7MIYtHch Ç

x = f(q)

ẋ = Jq̇
 � Ptl
�

T��=C?q
dimx = m

ª
dimx = n

CNM
J = ∂f

∂q

P
�kYdZ[C�FIH=XAH=M£h9f CnULMDdT=U£FIC?ekHchdeGTKhsM?ª=Z[T¯U_H=Z[bkM_Y[H=h�ekC�ZaT¯qNY[hG]2opT7MIY[`sbGC�Y[hs�cC2FIU_C�CnULM�bdhGY[`sbGC�@U_YdC?ZtZ[C�C2¤�YaU^M_C � Ç

q̇ = J−1ẋ©�F�eGT=hdU�hGH=M_FIC¯q2TcU�Z[C¥U^¦kU^M_j2oVCRCnULM�FIC?ekHchdeGTKhsM�ekH=hdq
J
h9f CnULM�DdTcU�q2T=F_FI]=ªkHch�T

n > m
P4²CRDGFIH=XGZ[j2oVC

DAC2bkM�ekHchdqRT=ekoVCNM_M_FICRDGZtbiU^Y[C2bGFWU�U^HcZtbkMIY[H=hdU?ªk�=HcYtF�oVÉ2oVCRbdhGCRY[hkÔdhGYtM_]¥U_Y9ZaT�FIC?ekHchdeGT=hdqNCRekb�FIH=XAH=M�C?ULM�]2Z[C �
�=]2CcPkO H=bGF�qIrGHcY[U_Y[F�ZaT�oVC2Y[ZtZ[C2bGF�U^HcZtbGM_Y[H=hwYtZg�@T=bkM�YthsM_FIHkekbGY[F_CEbGh�qNFIY\MIj2FICEÕ�oVY[hGY[o�YaU_C2FnP
©�h�qWrGC?FIqWrGCEZ[TpU^HcZtbkMIYtHchw`sbGY9oVY[hGYtoVYaU^CRZaT���Y\MIC?UIU^CRekCnU�T=F^MIY[q2bGZ[TKM_Y[H=hiU Ç

min 1
2 q̇
T q̇�kH=Z[bkM_Y[H=h�`sbGY9C?U^M�H=XkMIC2hsbdCE�cFI�cqNC�Õ�ZaT�DdU_C2bdeGH � Yth��=C2FWU^C Ç J† = JT (JJT )−1

q̇ = J†ẋ

��]NM_rdHkekCEbGM_Y[ZtYaUITKhcM�ZaT�DdU_C2bdekH � Y[hs�=C?FIU_C Ç	uf bGhGCE�@TG�NH=hwDGZ[bdU��=]?hG]2FWTKZ[C�H=hwDAC2bkM��=H=bGZ[H=Y[F�oVYthGY[oVYaU^C2F�qNC¯qNFIY\MIj2FIC Ç
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2
q̇TWq̇

©��
W
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�<T�DdU^C?bdekH � Y[hs�=C?FIU_C��c]2hG]?FIT=ZtYaU^]?C�ekC?��YtC?hcM Ç J†
W = W−1JT (JW−1JT )−1�<TVU^HcZtbkMIY[H=hweGCRq2YthG]?opT7M_Ya`sbGCEY[hs�=C?FIU_C�CnULM�M_Hcb7JLH=bdFIU�ekHchGhG]2CEDiTKF Ç
q̇ = J

†
W ẋ

 � P � �
	�CEDGZ[bdU�U_YgH=h�qWrGH=YaU^YtM

W = H

H
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Z f ]?hGC2FI�=Y[CEqNY[hG]2M_Ya`sbGC=P
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P
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q
�=C2FWUEZtCnUE�KTKZ[C2bGFWUEekC�qNHchdU^Y[�=hdC?U

qfinal
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dt
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MI�cqIrdCEDGFIYthdq2YtDiTKZ[C=P

q̇ = J†ẋd + (I − J†J).q̇0
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H � Ç
ẋd
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ẋd = Kp.(f(q) −Xg)
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C?U^M�Z[CE�cFITcekY[C2hcM�ekC
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e22 =
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i

(qi,max − qi,min)
2

(qi,max − qi)(qi − qi,min)
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(qmax − qmin)
2(qmax − 2q + qmin)

(qmax − q)2(qmin − q)2
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qi,min
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∥

∥
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∥
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