in: proc. IJCAI workshop on ˙spatial and temporal reasoning¨, Montreal (CA), pp145-152, 1995145A categorical approach to time representationfirst study on qualitative aspectsJ�r�me EuzenatINRIA Rh�ne-Alpes � IMAG-LIFIA,46, avenue F�lix Viallet, 38031 Grenoble cedex, FranceJerome.Euzenat@imag.frABSTRACT: The qualitative time representation formalisms are considered from the viewpoint of category theory. The representation of a temporal situation can be expressed as a graph andthe relationship holding between that graph and others (imprecise or coarser) views of the samesituation are expressed as morphisms. These categorical structures are expected to becombinable with other aspects of knowledge representation providing a framework for theintegration of temporal representation tools and formalisms with other areas of knowledgerepresentation.KEYWORDS: Category theory, time representation, temporal granularity, interval algebra.

Time and space representation are only one aspect of knowledge representation. It is thus useful toplace them in a wider context. Category theory which is widely used in programming languagesemantics has been introduced in knowledge representation [A�TK93] in order to account for therelation of approximation between, on the one hand, a knowledge base and the modeled domain, andon the other, the many achievements of that knowledge base. This notion of approximationgeneralizes that of interpretation of classical logic in that it allows to take into account that arepresentation can get closer � instead of exactly correspond � to the modeled domain. It seems thatthis analysis can also be applied to time representation which combine several internal approximationmechanisms: qualitative interpretation, discretizing and weakening (see figure 1).Moreover, knowledge representation formalisms are more and more specialized. However, it isexpected that they can be combined in order to represent a complex domain (e.g. for adding temporalextension to objects represented as Y-terms [A�TK93]) in such a way that their mathematicalproperties are preserved. Once this has been achieved, the attention can turn to the interaction betweenthe formalisms in a particular application.Category theory [BARR90, PIER91, BORC94] deals with objects (characterized by their structure)and morphisms (preserving the structure). This immediately expresses the notion of approximation ofone structure by another. Nonetheless, one of the advantages of category theory is its ability to modelthe interactions between categories through a variety of operations. These operations can be used tocombine the independently designed knowledge representation schemes as soon as they arecharacterized as categories.The present communication is a first report on the rephrasing, in categorical terms, of the tools forqualitative time and space representation. The theoretical advantage expected from such acharacterization is the expression of the relationship between a qualitative representation of a temporaldomain and:1) a less precise qualitative representation of the same domain;2) a �deductively closed� qualitative representation of the same domain;

1463) a coarser qualitative representation of the same domain.The final aim of this work is the use of category theory for taking into account the relationshipbetween the qualitative representation of time and its quantitative interpretation. As a matter of fact,there is an immediate relationship between quantitative representations at different scales, a far fromimmediate relationship between discrete quantitative representations and an expected relationshipbetween granular qualitative representation and discrete quantitative representation (see figure 1).Such a characterization would result in a standard notion of temporal representation combinable withany other knowledge representation formalism.weakening downward granularity change�qualitativizing�discretizing

WGqWqGqqQDQ

Figure 1. The relationship existing between different models of the same domain. It depends on the nature of therepresentation (Quantitative/qualitative), its degree of simplification (Discrete � Granular) and the expressiveness ofthe language used (Weak). Dashed arrows represent operations which can be achieved in many ways and pending arrowsthose which can be applied to some type of representation providing a new representation of the same type. Note thatarrows and nodes are not categorical notation.The remainder is a first attempt to settle the qualitative temporal (resp. spatial) representation of somesituation as an object and the relationship it enjoys with other representations as morphisms. It canalso be understood as an introduction by the example to categorical notions and their applicability toartificial intelligence research. This first picture is under construction and by no means complete:some of the concepts will have to be refined and others modified.This short report is not self-contained: it introduces only minimal definitions (noted meta-definitions)for categorical notions and does not introduce notions on qualitative time and space representation. Afirst section introduces the qualitative interval representation as an object and considers various kindof morphisms (points 1 and 2 above). Section 2 introduces qualitative granularity as a new kind ofmorphism (point 3 above). For reason of space, section 3 and 4 are reduced and presents some otherpotential application of category theory to the field.1.Approximation in symbolic time representationsQualitative representation of time (e.g. the interval algebra [ALLE83]) represents the temporalsituation as a complete directed graph whose nodes are temporal entities (e.g. intervals) and edges therelationship between them. The set of temporal relationships considered can vary with the formalismand is noted G here (e.g. A13 for Allen relationships). These graphs are considered as the objects of acategory (⁄1.1). The notion of approximation can be modeled through various kind of morphismswhich are considered here (⁄1.2 and 1.3).1.1.Time graphsThe representation of a temporal situation can be made of a graph (called G-graph) whose nodes arethe temporal entities and whose edges are labeled with a sub-set of a set G.

147DEFINITION (G-graph): A G-graph A is a complete directed graph made of a set NA of nodes and a setEA of labeled edges <n1,l,n2> such that n1,n2˛NA, n1„n2, l˝G and l„fl. Moreover, for eachn1,n2˛NA such that n1„n2 there exists exactly one <n1,l,n2>˛EA.Such graphs are interpreted as a temporal situation in which the nodes are temporal intervals (placesin time) and the labels carry the set of possible temporal relations between the two connectedintervals. The constraint about non emptiness aims at ensuring that between any two intervals there isalways one possible temporal relation (as it is in time).A less constrained definition of temporal graphs (made of the same set NA of and a set EA of edgessuch that for some distinct nodes n1 and n2 in NA there exist several edges and for others there existsno edge at all) can be straightforwardly normalized by having the only edge between the nodes beinglabeled by the intersection of the labels of all the initial edges and G.POSTULATE (temporal representation): the modeled domain can be represented by a G-graph.Any one will admit that this postulate is assumed by anyone using qualitative time representation.1.2.More precise representationA more precise representation of the same situation is understood as a representation with more nodesand smaller labels on the edges. This is expressed through the notion of a G-c-morphism.DEFINITION (G-c-morphism): A G-c-morphism between two G-graphs A=<NA,EA> andB=<NB,EB> is an injective map g such that:¥"n˛NA, g(n)˛NB, and¥"<n1,l,n2>˛EA, g(<n1,l,n2>)=<g(n1),l�,g(n2)> with l�˝l.As defined the relationship between G-graphs introduced by G-c-morphisms is reflexive. Note thatthe definition of graphs and morphisms could have been carried by a fixed set of nodes N thus onlythe node labels would have changed through morphisms. This is not the case and henceforth, the�operation� carried out by the morphism consist in (1) restricting the existing labels in the domain and(2) adding new nodes and edges. Below this is simply called restriction.CONSEQUENCE 1: For each G-graph A there exists a G-c-endomorphism idA, such that:¥"n˛N, idA(n)=n, and¥"e˛E, idA(e)=e (with systematically l�=l).META-DEFINITION (Category): The structure made of:1) a collection of objects;2)a collection of arrows f:AfiB (or morphisms) from an object A (domain) to an object B (co-domain);3)a composition operation �o� assigning to each pair of arrows f:AfiB and g:BfiC a compositearrow g o f:AfiC.such that:a)for each object A there exists an identity arrow: idA:AfiA satisfying the identity laws: for anyarrow f:AfiB, idB o f = f and f o idA = f.b)the composition is associative: for any arrows f:AfiB, g:BfiC and h:CfiD, h o (g o f) = (h og) o f.is called a category.

148We now prove that G-graphs and G-c-morphisms form a category.PROPOSITION 2: The structure made of:1)a collection of G-graphs (called objects);2)a collection of G-c-morphism between these objects among which are the idA for each objectA;3)an operator �o� corresponding to function composition;is a category (called G-c-category).proof.a)for any arrow f:AfiB, idB o f = f and f o idA = f (property of the identity function);b)for any arrows f:AfiB, g:BfiC and h:CfiD, h o (g o f) = (h o g) o f (since the compositionof label restriction/node addition is possible and there is only one way to restrict node labelsand add new nodes such that a graph corresponds to another).�This proposition only means that:¥the graph A is an empty restriction of itself, so the restriction of A to B is the same restrictionas that from A to A composed with that from A to B;¥there is only one way to restrict A to D which does not depend on the intermediate steps.META-DEFINITION (initial object, terminal object): An object 0 is called an initial object if, for everyobject A, there is exactly one arrow from 0 to A; an object 1 is called a terminal object if, for everyobject A, there is exactly one arrow from A to 1.PROPOSITION 3: There is an initial object in the G-c-category, the one with no nodes.proof. for such an object, there is always a G-c-morphism to any other object and since the restrictionis unique, this morphism is also unique. �If we consider the graphs carried by a set of nodes N, then there also is an initial object which is thegraph with all edges labeled with G.In temporal representation, the intuition behind the initial object is the representation which tellsnothing about the relationship between the objects. At the opposite, we would like to consider theterminal object as the domain to be modeled. So, each G-graph would be an approximation of thatdomain. However, this has not been considered here (because non correct graph, with regard to thatdomain, are allowed). A construction meeting that intuition can be found in [A�TK93]. It consists inrestricting the category to these graphs which are an approximation of the modeled domainrepresentation (the category generated by it). Then the graph matching exactly the reality would beterminal.In addition, we can also define these objects which are not the domain of any morphism (but theiridentity arrow). Such objects only have singleton labels (if we do not consider any addition ofnodes). They represent an instantiated situation which could be the modeled domain (which is suchan object from the postulate). As a matter of fact, all such graphs which are approximated by aparticular G-graph exactly correspond to the models of (i.e. the possible real situations representedby) this last graph.

1491.3.Constraint resolutionPreciseness seems a natural notion for G-graphs. However, qualitative temporal systems are providedwith a deductive operation: the application of transitivity through Allen�s composition table[ALLE83]. They allow the reduction of the edge labels (thus leading to a more precise G-graph). Thededuction made is first shown as a morphism and then the intuition that the result of deduction ismore precise is established. So, a new kind of morphism: �is deductible through constraintpropagation from� is introduced.DEFINITION (G-d-morphism): A G-d-morphism between two G-graphs A=<NA,EA> andB=<NB,EB> is an injective map g such that:¥"n˛NA, g(n)˛NB, and¥"<n1,l,n2>˛EA, g(<n1,l,n2>)=<g(n1),l�,g(n2)> such that l� is deducible through constraintpropagation from A.As expected, what is deduced is a more precise graph.CONSEQUENCE 4: A G-d-morphism is a G-c-morphism (since the deduction process only reduces thelabels).CONSEQUENCE 5: For each G-graph A there exists a G-d-endomorphism idA, such that:¥"n˛N, idA(n)=n, and¥"e˛E, idA(e)=e (since the labels are deducible from themselves).PROPOSITION 6: The structure made of:1)a collection of G-graphs (called objects);2)a collection of G-d-morphism between these objects among which are the idA for each objectA;3)an operator �o� corresponding to function composition;is a category (called G-d-category).proof.a)for any arrow f:AfiB, idB o f = f and f o idA = f (since no reduction applied before or after areduction is always this last reduction);b)for any arrows f:AfiB, g:BfiC and h:CfiD, h o (g o f) = (h o g) o f (since, the deduction �by successive application of the transitivity table � can be composed and there is only oneway to reduce the graph A directly to the graph D).�This is also easily obtained by adapting the proof that deduction systems are categories (in whichobjects are formulas and arrows are proofs) [BARR90] to the constraint satisfaction case:¥for any graph, there is an empty proof from itself (idA: AfiA), and if there is a proof p of Afrom B, then p o idB and idA o p are the same proof p;¥if there is a proof p of A from B, a proof q of B from C and a proof r from C to D, then, theproofs obtained by chaining r o (q o p) and (r o q) o p are the same.An attempt can be made for normalizing the graphs such that each graph is represented by its morereduced form through constraint propagation. This can be achieved with the help of a functormapping each graph to its normal form (provided it is unique). The resulting category would be asub-category of the initial one.

1502.GranularityThe granular representation has been introduced in [EUZE93, 94]. It represents a qualitative temporalsituation in the same way as any original qualitative language. However, this representation can differfrom the �exact� one since it considers that, under a coarser grain, some objects do not exist anymore(thus changing the labels of the remaining edges). These changes between two different granularrepresentations are defined by an operator fl on the set of relations between temporal entities[EUZE94].Thus, a granular representation is expressed as a G-graph exactly as the exact representation and therelationship between representations from different granularities is taken into account as a new kindof morphism (G-g-morphisms). These morphisms correspond to downward granularity change, thusgoing from a coarse view of the situation to a finer one (with more objects).DEFINITION (G-g-morphism): A G-g-morphism between two G-graphs A=<NA,EA> and B=<NB,EB>is an injective map g such that:¥"n˛NA, g(n)˛NB, and¥"<n1,l,n2>˛EA, g(<n1,l,n2>)=<g(n1),l�,g(n2)> such that l�˝fll.G-morphisms do not prevent new nodes from appearing in the image G-graph; this exactly models thepossible vanishing of objects through granularity change. It is also possible that two distinct objectsin the domain have the same image; this has an interpretation which is not developed here.CONSEQUENCE 7: A G-c-morphism is a G-g-morphism (since, by [EUZE95, property (1)], l˝fll andl� can be chosen in l).CONSEQUENCE 8: For each G-graph A there exists a G-g-endomorphism idA, such that:¥"n˛N, idA(n)=n, and¥"e˛E, idA(e)=e (since, by [EUZE95, property (1)], l˝fll.).PROPOSITION 9: The structure made of:1)A collection of G-graphs (called objects);2)A collection of G-g-morphism between these objects (called arrows AflB of domain A and co-domain B) among which are the idA for each object A;3)An operator �o� corresponding to function composition (the symbol �Æ� used in [EUZE93, 94,95]);is a category (called G-g-category).proof.a)id satisfies the identity laws: idB o AflB = AflB and AflB o idA = AflB (property of the identityfunction);b)for any arrows AflB:AfiB and BflC:BfiC and CflD:CfiD, CflD o (BflC o AflB) = (CflD o BflC) oAflB is obviously true owing to [EUZE95, property (5)].�There exists a particular G-graph which represents the empty world (so coarse that no object in themodeled domain is relevant). This object is initial.PROPOSITION 10: G-g-categories have an initial object 0 which is the G-graph <fl,fl>.

151proof. obvious, through an empty G-g-morphism from 0 to any other G-graph and the impossibilityof having a morphism from a non empty graph to 0.�Like in the previous section, there is no terminal object for G-g-categories. This is caused by thepossibly infinite chain of new nodes that the granularity changes can add to the graphs. However, ifthe categories are restricted to be generated by a particular domain restriction then the graphrepresenting the modeled domain should be a terminal object.An important question would be if granularity changes and deduction can be freely interleaved.However, we proved in [EUZE93, 94] that this is not generally the case.3.Extension to spatial formalismsThe success of qualitative time representation has led to extensions toward spatial qualitativerepresentations. The more simple are those which considers the space as a Cartesian product of linearrepresentation (such as the one used for time [G�SG89]) or those which consider a space topologyas a weakening of the time algebra [EGEN92, RAND92]. These transformations of the formalismhas been used in [EUZE94, 95] for extending in a straightforward fashion the results of temporalgranularity to these space representations. These results can also be expressed in categorical terms(respectively as products of categories and functors).4.Towards quantitative modelsAll the temporal representations presented above are supported by an idea of a measurable reality. Asa matter of fact, a set of the real number intervals is the natural interpretation of these notions. Thusfurther work should draw the connection between the G-graphs and their possible models. This canbe achieved in the context of category theory (more simply than what have been done for l-calculusfor instance). The general mechanism for doing this is expressed as �A mathematical theory �corresponding roughly to the definition of a class of mathematical objects � can be usefully regardedas a category of a certain kind, and a model of that theory � one of those objects � as a set-valuedfunctor from that category which preserves the structure.� [Lawvere quoted in PIER91]. Once thishas been done it must be proved (for any kind of G-morphism) that for any A and B G-graphs, thereexists a G-morphism g:AfiB if and only if the set of models of A is included in that of B. This hasbeen used, for instance, in [LI95].A dual way would consist in beginning with the domain to be modeled as the basic category anddefining morphisms from that domain (intervals of real numbers) to the G-graphs. The scaling shouldas well be characterized in this fashion (see figure 1) and be approximated by granularity.5.Final noteSeeing the many possible representations of a temporal situation as approximations in the sameframework is the contribution of category theory to time representation. It allows to conceive theserepresentations in a uniform way.This short presentation is subject to debate and some problems will have to be solved before to turn toa full account of time representations including the quantitative approach and/as model theory. Forinstance, as suggested by one of the reviewers, the treatment of graphs with empty labels is notsound. Such graphs have been rejected here under the justification of avoiding inconsistent graphs.However, there can be inconsistent graphs with no empty label. This is very problematic if one thinksthat graphs with empty labels can be deduced through constraint propagation from a valid graph. The

152rejection of graphs with empty labels has been retained here because such graphs are obviouslymeaningless. The interpretation of morphisms being approximation, it would be peculiar to considerthat the description of any real situation (but that with nothing to represent) is an approximation ofsomething meaningless. Ruling out graphs with empty labels allows to preserve an (informal) idea ofpotential minimality of the most accurate representation. However, the current situation is notsatisfactory.The author would like to warmly thank the anonymous reviewers for their thoughtful remarks whichhave not been completely taken into account here due to tight schedules.References[A�TK93]Hassan A�T-KACI, Andreas PODELSKI, Towards a meaning of LIFE, Journal of logicprogramming16(3-4):195-234, 1993[ALLE83]James ALLEN, Maintaining knowledge about temporal intervals, Communication of theACM 26(11):832-843 (rep. in Ronald Brachman, Hector Levesque (eds.), Readings inknowledge representation, Morgan Kaufmann, Los Altos (CA US), pp509-521, 1985),1983[BARR90]Michael BARR, Charles WELLS, Category theory for computing science, Prentice Hall,Hemel Hempstead (GB), 1990[BORC94]Francis BORCEUX, Handbook of categorical algebra (2: categories and structures),Cambridge university press, Cambridge (GB), 1994[EGEN92]Max EGENHOFER, Khaled AL-TAHA, Reasoning about gradual changes of topologicalrelationships, Lecture notes on computer science 639:192-219, 1992[EUZE93]J�r�me EUZENAT, Repr�sentation granulaire du temps, Revue d�intelligence artificielle7(3):329-361, 1993[EUZE94]J�r�me EUZENAT, Granularit� dans les repr�sentations spatio-temporelles, Researchr e p o r t 2 2 4 2 , I N R I A , G r e n o b l e ( F R ) , 1 9 9 4 [ftp:/ftp.imag.fr/pub/SHERPA/rapports/rr-inria-2242-?.ps.gz][EUZE95]J�r�me EUZENAT, An algebraic approach for granularity in qualitative space and timerepresentation, Proc. 14th IJCAI, Montreal (CA), 1995 to appear[G�SG89]Hans-Werner G�SGEN, Spatial reasoning based on Allen�s temporal logic, Researchreport TR-89-049, International computer science institute, Berkeley (CA US), 1989[LI95]Renwei LI, Lu�s Moniz PEREIRA, Application of category theory in model-baseddiagnostic reasoning (preliminary report), Research report TR-89-049, UniversidadNova de Lisboa, Lisboa (PT), 1995[PIER91]Benjamin PIERCE, Basic category theory for computer scientists, The MIT press,Cambridge (MA US), 1991[RAND92]David RANDELL, Zhan CUI, Anthony COHN, A spatial logic based on regions andconnection, Proc. 3rd KR, Cambridge (MA US), pp165-176, 1992